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Vollständiger Abdruck der von der Fakultät für Elektrotechnik und Informationstechnik
der Technischen Universität München zur Erlangung des akademischen Grades

Doktor der Naturwissenschaften (Dr. rer. nat.)
genehmigten Dissertation.

Vorsitzender:
Prof. Dr. Eckehard Steinbach
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Abstract
Goal-directed navigation appears to be crucial for mobile animals and robots. Understanding the involved cortical processes is considered to reveal how higher cognitive
functions are computed. However, navigation in the mammalian cortex is not sufficiently well comprehended yet which is demonstrated by the discovery of grid cells, a
certain type of neuron with enigmatic hexagonally arranged responses. It is commonly
assumed that their responsibility is either path integration or localization. Their true
computational purpose remains elusive and controversially debated, though.
A novel theory for grid cells is introduced in this thesis. First, a mathematical
framework for sequences and transitions is defined rigorously. Propositional logic is
used to evaluate characteristics of the framework and it is proved that a hexagonal
arrangement of transition encoders is optimal in two dimensional metric space. These
results are used to derive the error function of a single grid cell, which also leads to a
network model of competitive cells. Afterwards, the algorithmic interactions between
grid and place cells, another type of neuron which is relevant for spatial navigation,
are considered. For this purpose, a behaviorally significant computational issue when
using only a single scale of grid cells, i.e. grid cells which encode transition between
two consecutive locations, is pointed out. An extended model which uses only simple
yet fundamental algorithms from computer science is introduced to address the
problem. In this model, grid cells combine transitions across several spatio-temporal
locations and thereby form a distributed scale-space representation of transitions. The
cells operate only on locally available information and can be evaluated in parallel.
It is shown that the scale-space model √
improves computational times exponentially
and is optimal for a scale increment of 2 between consecutive scales. Furthermore,
the connection to other areas of research as well as the relationship between the
algorithmic constraints and measurements in biological networks are discussed. For
instance, the scale-space model requires temporal buffering which is considered to be
related to Theta phase precession, a temporal effect which can be observed both in
place and grid cells. Finally, the novel concepts are used in a theoretical study for
distributed path computation in a swarm of robots. The resulting algorithms and
data structures have relationship to peer-to-peer systems and are analyzed from the
perspective of computational complexity.
To summarize, the work gives an entirely novel perspective on grid cells. Their
computational purpose, physical realization, as well as algorithmic interactions are
derived by introduction of a mathematical framework. Furthermore, the concepts
are transported to technical applications.
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Zusammenfassung
Zielgerichtete Navigation scheint essentiell für sich bewegende Tiere und Roboter.
Es wird davon ausgegangen, dass ein Verständnis der beteiligten kortikalen Abläufe
aufdecken wird wie höhere kognitive Funktionen berechnet werden. Die genauen
Berechnungsschritte von Navigation im Hirn von Säugetieren sind jedoch noch nicht
hinreichend ergründet, was insbesondere am Beispiel der sogenannten Gitterzellen
offensichtlich wird, einem bestimmten Neuronentyp mit rätselhaft anmutendem und
hexagonal angeordnetem Antwortverhalten. Üblicherweise wird angenommen dass
die Zellen zur Pfadintegration oder aber zur Lokalisation beitragen. Ihre tatsächliche
Aufgabe ist jedoch weiterhin nur eingeschränkt erfasst und stark umstritten.
In dieser Arbeit wird eine neue Theorie für Gitterzellen präsentiert. Hierfür wird
zuerst ein mathematisches System für Sequenzen und deren Übergänge rigoros definiert. Mit Hilfe von Aussagenlogik werden Characteristika des Systems erörtert und
es wird mathematisch bewießen, dass eine hexagonale Anordnug von Kodierern von
Übergängen optimal in zweidimensionalen metrischen Räumen ist. Diese Ergebnisse
werden genutzt um die Fehlerfunktion einer einzelnen Gitterzelle herzuleiten, was
daraufhin zu einem Netzwerk an kompetitiven Zellen führt. Anschließend werden
die Interaktionen zwischen Gitter- und Ortszellen, einem weiteren Typ Neuron der
notwendig für räumliche Navigation ist, algorithmisch betrachtet. Zunächst wird
ein bedeutendes rechentechnisches Problem dargelegt wenn lediglich eine Auflösung
von Gitterzellen verwendet wird, also Zellen, die ausschließlich Übergänge zwischen
aufeinanderfolgende Orten lernen. Daraufhin wird ein erweitertes Modell vorgestellt
welches lediglich einfache, aber fundamentale, Algorithmen der Informatik nutzt
um das Problem zu beheben. Gitterzellen kombinieren Übergänge aus mehreren
raum-zeitlichen Auflösungen innerhalb des neuen Modells und erzeugen dadurch eine
verteilte Skalenraum-Repräsentation von Übergängen. Hierbei agieren die Zellen
lediglich auf Grund von lokal verfügbaren Informationen und ihre Auswertung kann
parallelisiert stattfinden. Es wird dargelegt dass die Skalenraum-Repräsentation
Berechnungszeiten exponentiell beschleunigt
und dass die Auflösung von einer Skala
√
zur nächsten optimal um den Faktor 2 vergrößert wird. Anschließend wird die
Verbindung zu anderen Forschungsrichtungen ergründet und ebenso die algorithmischen Notwendigkeiten in Bezug auf Messungen von biologischen Zellen diskutiert.
Zum Beispiel benötigt das Skalenraum-Modell zeitliche Pufferung von Daten. Dies
ist verwandt zur Phasenpräzession bezüglich des Theta-Rhythmus. Letzteres ist ein
zeitlicher Effekt der sowohl in Orts- als auch Gitterzellen messbar ist. Schließlich
werden die neuen Konzepte in einer theoretischen Studie für verteilte Pfadberechnung
in einem Schwarm von Robotern verwendet. Die daraus resultierenden Algorithmen
und Datenstrukturen besitzen Ähnlichkeit zu Peer-to-Peer Netzen und werden aus
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Zusammenfassung

Sicht der Berechnungskomplexität analysiert.
Zusammengefasst präsentiert die Arbeit eine gänzlich neue Betrachtungsweise
auf Gitterzellen. Durch die Einführung eines mathematischen Systems kann sowohl
deren Aufgabe in Berechnungen, ihre physikalische Realisierung, als auch the algorithmischen Interaktionen erörtert werden. Außerdem werden die neuen Konzepte
auf technische Anwendungen übertragen.

Preface
Spatial navigation is mesmerizing. How can creatures as tiny as ants or as complex
as humans find their goals by integrating their sensory stimuli? And what makes
them different to each other and to technical systems and virtual agents? Most of the
latter either require massive computing power or simply fail in generating compelling
trajectories despite their complex algorithms. Is their complexity a burden rather
than a benefit? Can an understanding of how the brain computes spatial navigation
enhance robots and distributed technical systems? Little did I know how involved
the subject is.
Thanks to Heiko Neumann and Florian Raudies I came into contact with cortical
computations, spatial navigation, and eventually grid cells while I was still an
undergraduate student at Ulm University. And I was intrigued ever since. How is
the hexagonal pattern that grid cells generate of any computational utility during
navigation?
I could finally spend all of my time to follow up on this question after joining Jörg
Conradt’s group Neuroscientific System Theory (NST) at the Technische Universität
München by the end of 2012. I could freely explore the subject from the perspectives of a neuromorphic engineer, a computer scientist, as well as a computational
neuroscientist only because he provided the ideal environment for this purpose. He
was supportive and provided guidance with the pragmatic view of an engineer even
when I came with yet another uncommon idea. Furthermore he got me in touch with
Edvard Moser, Alessandro Treves, and Richard Morris, all who provided precious
insights to understand how spatial information is processed in the brain and how
this leads to behavior.
Shortly afterwards I started to see hexagons everywhere. However, I also became
increasingly frustrated with the existing models of grid cells. They answered the
question how the phenomenological response of grid cells could be generated, but
did not address their computational advantage in a way which satisfied me. As a
computer scientist and having written software for many years, I was trained to
formalize the core of a problem before starting to write a solution. Hence, I took a
step back and tried to apply the same approach to grid cells and spatial navigation.
Inspired by the quote ”Make things as simple as possible, but not simpler”, commonly
attributed to Albert Einstein, I searched for the easiest mathematical concept in
which grid cells had a distinct purpose and formed hexagonal response fields. In
the end, this lead to the development of the novel theory and subsequently also the
model of the entorhinal-hippocampal loop, both of which are proposed in this thesis.
In the proper sense of the quote, only relatively simple but nevertheless powerful
and well-known algorithms were used in the development of the model.
v
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Preface

Consequently, this thesis is a journey from abstract symbolic logic and mathematics, crosses the landscape of computational neuroscience, and finally reaches the
realm of algorithms. Certainly I do not expect a reader to be familiar with all of these
subjects. It took several years of hard work to discover the connections between all
of them. For me, that is. Hence, a rather generic introduction to neural modelling is
given, a condensed overview on the current knowledge about how the brain represents
spatial information for the purpose of navigation is presented, and the formalisms
and descriptions of algorithms are kept as straightforward as I thought possible.
This work would not have been possible without the continued support by my
family and friends. They made sure that I kept a balanced life and brought joy
througout the entire ride. I’m especially grateful to my parents and Maike, who bore
with me even when things did not go as planned.

Nicolai Waniek
Munich, June 2017
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Part I
Foundations

Chapter 1
Overture
1.1 Fundamental philosophy and motivation
Autonomous mobile robots are already ubiquitous. On the lower end of the complexity
spectrum there are lawn mowers and vacuum cleaners, on the other end self-driving
cars and unmanned autonomous aerial vehicles. Despite their differences in complexity
and function, each robot is obliged to process significant amounts of sensory data in
real-time. Permanent and timely evaluation of streams of information is a prerequisite
to safely operate in any surrounding, adapt to a constantly changing world, or interact
with other robots or humans cooperatively. However, data processing is exacerbated
by malfunctioning sensors, noisy readings, or data transmission errors, to name
only the most apparent obstacles. Failure in performance can lead to dramatic
consequences. Furthermore, there is increased interest to employ robots in scenarios
and environments with elevated levels of intricacy. For instance, robots for elderly
care will not only have to cope with cluttered environments and aggravated humanrobot interaction [106]. In the case of an emergency, they are also likely to encounter
previously unknown mixtures of stimuli but still need to independently deduce lifesaving counter-measures. Furthermore, they have to collaborate with other robots
and humans. Conclusively, there is significant demand for improved robots and robust
techniques for complex settings [98].
The next evolutional leap forward in robotics is considered to be Artificial
Intelligence (AI), in the hope that it is suitable for higher cognitive functionality.
Tasks which are seemingly simple for humans such as grasping an object with a hand,
goal-directed navigation, or verbal and non-verbal interaction with other humans are
hard control problems. Engineered solutions typically require several independent
but integrated models, for instance for actuators, feasible parameters spaces, or the
surrounding world. Frequently, such models are not available before initial operation
or have to be adaptive to account for dynamically changing settings and requirements.
Furthermore, the control problems themselves are often mathematically intractable.
Thus, hope of many researchers is that AIs, equipped with the capability to learn and
adapt to novel situations, will solve many of these difficult control problems. These
problems are thought to require higher cognitive abilities to be solved. Unsupervised
and autonomous learning is considered to pave the way for artificial systems which
can reason on abstraction levels just like humans, or even surpass them. Furthermore,
it is expected that novel results of cognitive computing, a term used to describe
any technology which integrates AI, signal processing, and other related areas, will
3
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express fault tolerance and contextual reasoning at so far unseen levels.
A currently popular candidate to address many of the algorithmic obstacles
are Artificial Neural Networks (ANNs). They are thought to be a cornerstone for
developing higher cognitive AIs [316]. This comes not as surprise, for the simple reason
that ANNs are often inspired by and modelled after real biological neural networks.
In fact, ANNs were conceived as model to study the computational properties of real
neural systems [238]. They are able to learn generalized representations of data and
adapt to fuzzy and novel inputs, making them resilient against data transmission
issues [80, 301]. Just recently novel ANN, for ANNs in the form of so-called Deep
Neural Networks (DNNs) or Convolutional Neural Networks (CNNs) excelled [128,
206], and outperformed almost any competitor during classification tasks – even
humans [129, 194,326]. However, life-long and continuous learning are still research in
progress. Furthermore, unsupervised learning, i.e. learning internal representations
and generalization without tremendous amounts of pre-defined training data, is
an unsolved issue. Both issues are considered exceptionally important for true AI,
though [316].
State of the art to process and train ANNs either utilizes clusters of supercomputers or employs General-Purpose Computing on Graphics Processing Units
(GPGPU) [64,194]. Both approaches are currently questionable for truly autonomous
robotics, especially if the robots are required to be small, have to operate in a life-long
scenario, or will be deployed in remote areas without access to global information
networks. Despite recent advances concerning the power consumption of Graphics
Processing Units (GPUs), shortage of battery resources exclude either technique
on small robots. The lack of access to networks of information is troublesome for
systems which have to express sustained learning to adapt to dynamically changing
environments. In addition, the computational principles of neural networks seem to
differ significantly from the operations of classical von Neumann architectures, i.e.
both memory and code execution are integrated into a single neuron in real biological
tissue.
Lately, a novel branch of engineering seeks to address the limitations of physical
size and power consumption. Going by the name neuromorphic computing, this
interdisciplinary research area combines engineering, mathematics, computer science,
and computational neuroscience to simulate large neural networks. With the help of
Very-Large-Scale Integration (VLSI) that uses analog hardware or integrates analog
and digital hardware in a mixed-mode, engineers develop systems and sensors which
are inspired by biological neural networks. In neuromorphic systems, neurons mimic
both the function and morphology of their biological counter-parts. Realization in
Complementary Metal-Oxide-Semiconductor (CMOS) or, more recently, memristor
technology promises ultra-low power at exceptionally high speeds of processing
in parallel and distributed modes [172, 274]. Akin biological neural networks, a
typical neuromorphic chip consists of many simple processing entities which are
massively interconnected. The recent availability of this novel kind of hardware,
e.g. [101, 160, 268], allows to run significantly larger biologically plausible neural
networks than before [35], or realize neural principles in real-time scenarios and on
robotic platforms [389].
It is essential to recognize that neural networks are independent distributed
processes that operate exclusively on local information without access to a global
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state [305, 306]. Thereby they execute what is called a Locally Distributed Algorithm
(LDA). Only the concerted operation and concurrent activation of multiple neural
entities, including synchronization mechanisms and message passed data exchange,
yields a global result. Hence it seems natural to apply methods from computer science,
e.g. tools for the analysis and description of message-passed distributed systems, to
understand biological neural networks. Especially higher cognitive functions involve
multiple distal cortical areas, transitions between internal states of these areas, and
intra- as well as inter-area data exchange. Precicely this approach of understanding,
which is rooted in concepts of computer science, is used in Part II of this thesis.
There, goal-directed navigation is analyzed as a distributed system using a completely
novel theory based on transitions.
Understanding cognitive functionality on a conceptual level may be fruitful to
advance AI. In neuroscience, spatial navigation is viewed as a model for higher
cognitive operations because it involves the retrieval and integration of memories
and multiple sensory stimuli as well as planning [59]. The behavior during as well
as the cortical areas responsible for spatial navigation in rodents are exceptionally
well studied. In fact, research and literature date back already over a century and
were concretizised when Tolman proposed the cognitive map theory in 1948 [354]. In
this theory, he suggested that animals and humans not only learn a simple stimulusresponse function for the purpose of goal-directed navigation, but acquire an internal
map of their surrounding. Due to subsequent decades of research, huge amounts of
electrophysiological recording data are available nowadays. Nevertheless, research
on the neural representation of space continues with important novel discoveries,
hypotheses, and theories published almost weekly. Awarding John O’Keefe and
May-Britt and Edvard Moser with the Nobel Prize in 2014 for their outstanding
rigorous work is just the most prominent recent climax. Their discovery of certain
neurons involved in spatial navigation, namely place and grid cells [135, 264, 265],
lead to a novel perspective on goal-directed navigation. However, spatial navigation
in the rodent brain is not conclusively understood due to surprising characteristics
of several involved neurons as well as the lack of a coherent understanding of their
interactions.
Grid cells for instance, besides several other puzzling properties, demonstrate
peculiar response patterns [135]. To anticipate Part II, their grid fields, i.e. the
activity of a single neuron with respect to locations in the environment, appear to
be distributed hexagonally and form a regular tesselation of space (Figure 1.1b).
Several competing hypotheses about the origin of the hexagonal grid pattern exist,
but so far there is no distinct favorite of any of the models among researches. With
the help of tools from computer science, specifically distributed system analysis, a
novel theory for grid cells is derived in this thesis, which in turn is used to develop a
self-organized model for grid cells.
Another property of grid cells is equally astonishing. It was observed that the
sizes of grid fields of different grid cells vary in discrete steps [336]. Furthemore, the
scale factor
√ between these steps is approximately constant with a value suspiciously
close to 2 [336]. Although several hypotheses were put forward, the mechanism
for the self-organization and, ultimately, the computational purpose for discrete
grid scales remain elusive. Analyses were published that describe the purpose from
mathematical perspectives, primarily multi-scale probabilistic inference and multi-
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(a)

(b)

Figure 1.1 – Place and grid cell firing fields of single cells. (a) Black dots indicate spiking
activity of a single place cell with respect to a square environment. The gray line shows the
trajectory that the animal was walking. (adapted with permission from [84]). (b) Each black dot
represents spiking activity of a single grid cell during explorative movement of an animal. The
gray lines indicate the trajectory that the animal was walking. The response of the cell tesselates
the environment in an almost perfect hexagonal grid. (reproduced with permission from [256])

resolution analysis [335, 375]. Unfortunately none of the models convincingly explains
the emergence of the discretization. Another issue with existing models is that they
leave an inconvenient issue, called problem of double redundancy in the scope of
this thesis, completely unaddressed. Place cells differ from grid cells in that they
express only singular or very few fields of activity with respect to an environment
(Figure 1.1a). Therefore it is likely that place cells are encoders of single locations.
However, it was mathematically demonstrated that the grid cell system itself, if it also
were to encode spatial locations, tremendously surpasses accuracy and fault-tolerance
of the place cell system [334, 335]. Given the fact that biological neural networks
are energetically expensive to maintain, the question arises why there should be two
systems, which are replicated in each hemisphere of the brain, performing the same
computation. Furthermore, most models for the interaction of place and grid cells
ignore temporal and episodic aspects, also encoded in the areas in which place cells
were found [107, 319, 358, 364]. Hence it appears that there is something fundamental
missing in the current understanding of individual functions of grid and place cells, in
their cooperative interactions, and their organization. Part II addresses these issues
by deriving a novel theory for grid cells and observing their algorithmic properties.
Finally the question remains if knowledge about the principles of neural spatial
navigation is useful for rather technical scenarios. To explore a potential answer for
this question, one specific artifical use-case is studied in Part III of the thesis. There,
it is assumed that a massive swarm of robots needs to cooperatively find a way from
a start to a goal for one of its participating agents. However, each robot is limited in
its knowledge about the environment. Therefore, principles of Part II are applied to
derive a fully distributed map for spatial navigation on multiple participating hosts.
Summarizing this overture, there is high demand for novel algorithms to advance
AI towards higher cognitive functions, inspired by biological systems. Ideally, these
algorithms will run on neuromorphic hardware and express self-organization capabilities to account for dynamically changing demands. Furthermore, they should
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operate distributively. However, one of the primary cognitive functions in mammals,
namely goal-directed spatial navigation, is not completely unravelled yet. Working
towards a conclusive understanding of spatial navigation in the rodent brain is thus
doubly relevant. On the one hand such knowledge is likely to provide access to
understand other higher cortical operations. On the other hand it is perceived helpful
in improving current AI. It is necessary to answer several very specific research
questions for this purpose.

1.2 Research questions and scope of the thesis
The main focus of this thesis is to understand the functional interactions of the
primary areas involved in spatial representation and navigation in the rodent brain.
These insights are subsequently used to extract algorithms for massively distributed
settings. Given the considerations of the previous section, the following concrete
questions can be stated.
1. How is space represented in the rodent brain?
In other words, what are the known neuron types that are involved in representing spatial information. The question is addressed in form of an overview
of relevant neurons in the rodent brain.
2. How is information processing for spatial navigation split into and distributed
across modalities in the brain?
A reasonable approach to understand the information processing performed
during spatial navigation is to look at neurophysiological data. It is possible
to derive connectivities and thereby the flow of information between cortical
areas using these data. Combined with single neuron recordings it is possible
to assign specific functionality to certain areas. Usually, these observations are
used to model specific neural responses. In addition, recordings can be used to
reason about functional properties of individual cells.
In this thesis the question is answered from a different perspective. First, a novel
formalism is defined which starts from a purely theoretical point of view for
goal-directed navigation. The formalism is developed with a focus on optimality.
Here, grid cells emerge as a theoretically optimal encoder of spatial transitions.
The theoretical results are subsequently used to derive and simulate biolocially
plausible neural models.
3. What are the consequences of the formalism, i.e. encoding of transitions, with
respect to computational performance?
One of the behaviorally relevant tasks of animals is to compute trajectories
to goal-locations. Certainly, the computation should be performed as quickly
as possible to avoid severe consequences due to predators. On the other hand,
mechanisms for short-cut finding are desirable to minimize energy consumption.
These points are addressed from an algorithmic point of view, in which a novel
scale-space model for goal-directed navigation in the entorhinal-hippocampal
loop is proposed. The suggested algorithms operate only on locally available
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information and express parallelism. The results of the model are observed
theoretically as well as using simulations.
4. What predictions can be made?
The novel formalism and concept lead to concrete predictions. For instance,
the model allows to discuss interactions between place and grid cells on the
synaptic level. Furthermore, the algorithmic model requires temporal buffering.
A candidate for such a buffering mechanism was observed in the real rat.
Besides other connections, the link between these observations and the model
will be discussed in detail.
5. Is it possible to extract the proposed principles of path computation in the
rodent brain and transfer them to technical systems?
The basic formalism treats goal-directed navigation with only a single animal
in mind. However, robots will have to express increased levels of cooperation in
the future. Therefore the novel concepts of spatial navigation were applied to a
swarm of robots. The complexities of the resulting algorithms are examined
theoretically.

1.3 Organization of the thesis
The first part of the thesis begins, unsurprisingly, with Chapter 1. It is an ”overture”
that contains the basic perspective and motivation on the subject of goal-directed
navigation, and why it is relevant. The arising questions during this introduction are
subsequently concretized. Right now you are reading an overview of the structure and
summary of the thesis. The chapter closes with a statement about the contribution,
i.e. an overview of publications, and impact of other people to the work presented in
the thesis.
Foundations of artifical as well as biological neural network theory are given in
Chapter 2. Starting from single neurons and synapses, the chapter will expand to
associative memories and learning in networks of neurons. Furthermore, it is addressed
how neural networks in real cortices are separated by functionality. Thereby they
often form hierarchies and levels of computation. The chapter closes with a statement
about and motivation of the modelling approach taken in the thesis.
Chapter 3 introduces the areas of interest in the rodent brain during goal-directed
navigation. First, they are discussed with respect to their connectivity. Afterwards,
descriptions and characterizations of relevant neurons found in these areas are given.
It is also presented how some of these neurons can be characterized or modelled.
Furthermore, interactions between several types of neurons are discussed. Issues with
existing models for these neurons, especially grid cells, are remarked at the end of
the chapter, which concludes the first part of the thesis.
The second and main part of the thesis opens with Chapter 4. The necessity of
a novel theory and model for grid cells, or goal-directed navigation in general, is
motivated after a brief tour of existing models. An important issue which afflicts
mosts of the models for grid cells is addressed and given the name problem of double
redundancy. Finally, a summary of part two of the thesis is presented.
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A novel theory called Multi-Transition Theory (MTT) and formalisms for MultiTransition System (MTS) are developed in Chapter 5. In the chapter, the theory
is deliberately kept abstract. Thereby, it can be applied to other domains than
just goal-directed navigation. Nevertheless, the formalisms are presented in the
context of spatial navigation. First, goal-directed navigation is described in terms
of sequences on symbols of alphabets. Then, it is asked how to optimally encode
arbitrary transitions between symbols by which the concept of a transition bundle
is introduced. Afterwards, the formalisms are extended to metric space. Here, it
is proved that a hexagonal arrangement of a finite number of transition encoders
can represent transitions in an infinite space. The chapter closes with remarks on
the biological plausibility of the formalism, and necessary consequences for neural
networks.
Chapter 6 first addresses an important prerequisite of the theoretical results of
Chapter 5 in neural networks. Namely, transition bundles require the capability to
decorrelate from input states and correlate to target states and thereby forming
center-surround receptive fields. This behavior is analyzed in a simple neural network
which uses plastic connectivity that is governed by Spike-Timing Dependent Plasticity
(STDP). Simulations show the formation of on-center off-surround receptive fields.
These results are used afterwards to derive the error function of a single grid cell.
Finally, these findings are extended to a competitive network of grid cells. They
self-organize while a simulated agent travels through an environment.
After demonstrating biological plausibility in the previous chapter, Chapter 7
addresses the interactions between grid cells, place cells, and sensory representations.
First, a temporal transition system is presented for this purpose. The transition
system uses Growing Neural Gas (GNG) for recruitment of novel neurons. Then,
a spatial transition system is incorporated. The design decision to separate spatial
and temporal transitions is discussed both from a biological as well as a computer
scientific perspective. Afterwards, issues with respect to computational performance
are noted and addressed. To solve these issues, a novel scale-space model for spatial
navigation is √
presented. In the model, multiple discrete scales of grid cells with a scale
increment of 2 emerge as the optimal solution for spatial look-ahead. The model is
then further simplified for simulation purposes which demonstrate an exponential
speed-up of computational times. Subsequently, a detailed discussion about the
biological plausibility, predictions with respect to the entorhinal-hippocampal loop,
and relations to algorithms from computer science are presented. The chapter closes
with a short discussion of ongoing and future work on the model, and hereby concludes
the second part of the thesis.
The third and final part of the thesis opens by moving concepts presented in
the previous chapters, in particular multi-scale clustering and transitions, towards
a to a technical application. The problem of spatial navigation and mapping in
a network of cooperatively operating robots is considered Chapter 8 in form of a
theoretical assessment. Here, two novel multi-layer data structures, and the algorithms
to construct them, are introduced. The data structures are defined in a way which
allows to distribute intermediate parts onto an arbitrary number of participating
hosts. The algorithms for the construction of the data structures can be parallelized
in several intermediate steps. Furthermore, shortest distance and shortest path
computation are described.
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Chapter 9 finally concludes the thesis. It re-examines the findings presented in
the previous parts and chapters, and points to future work.

1.4 Contributions to and of the thesis
This dissertation was partially supported by the European Union grant GRIDMAP,
Future in Emerging Technologies (FET) project 600725, funded under Framework
Programme 7 ”Information and communication technologies” (FP7-ICT). Several
valuable discussions with participants and examiners of the project lead to the
development of the novel concepts. Most notably were meetings in person and
written communications with Alessandro Treves to help improve the understanding of
existing models for grid cells, especially his rate adaptation model [196]. Furthermore,
discussions with were discussions with Richard Morris and Edvard Moser lead to
the realization that the grid cell system is supportive but not sufficient for behavior
expressed by rodents during spatial navigation. They also helped to clarify the
interactions between several areas of the entorhinal-hippocampal loop on a synaptic
level. Additional important insight into transition systems and how they can be used
in terms of neural modelling were gained during discussions with Philippe Gaussier,
who is one of the authors of a transition model of the entorhinal-hippocampal loop
which is closely related to the model presented in this thesis [73, 74, 146].
The overviews of neural networks, modelling, and the representation of space in
the rodent brain, presented in the final two chapters of Part I, are reviews of research
conducted by others. Particularly influential work is clearly stated in these chapters,
for instance when discussing the modelling approach adopted in the thesis, which
was inspired by David Marr [230].
The thesis contributes an entirely novel perspective on grid cells in Part II in
which it is proposed that grid cells form an optimal encoding of a multi-transition
system. This perspective and the associated formalisms, models, and simulations
presented in that part of the thesis were derived and developed by the author of
this thesis. Note however that transition systems as such are a well-known formal
concept from computer science to examine automata [345]. In addition, this thesis
combines the logic of transition systems with notations used by Tony Hoare in his
formulation of Communicating Sequential Processes (CSP) [147]. Furthermore, the
temporal interpretation of events in a neural system was inspired by the analysis
of time in distributed systems, introduced primarily by Lesslie Lamport [203]. The
proposed model states grid cells in multiple scales form a scale-space representation of
transitions. Scale-space theory itself is well-known, especially in the computer vision
community [213]. However, it has not been applied to the concept of transitions and
neural spatial navigation previously in the form it was used in this thesis. Influential
other or related work is clearly marked at the appropriate places.
At the time of writing, the results presented in Part II have not been reported in
a peer-reviewed publication yet. However, valuable feedback was collected during
and after a presentation of the matter at Ludwig-Maximilians-Universität München
on 14th of Februrary 2017, hosted by Andreas Herz. Furthermore, a preprint that
outlines the results presented in Part II is available as
N. Waniek. Multi-Transition Systems: A theory for spatial navigation.

1.4 Contributions to and of the thesis

The manuscript uses several parts of the thesis verbatim due to the technicality of
the content. For instance, theorems and proofs are taken as-is. In addition, several
figures are reproduced.
The algorithms and data structures presented in Part III, Chapter 8, were
developed in collaboration with Edvarts Berzs. They were conceived and evaluated
during his Master’s thesis [22]. Several figures of the chapter were reprinted from
his thesis with permission. Furthermore, the pseudo-code for the algorithms given
in Appendix D and the complexity analysis which was derived collaboratively and
reprinted in Appendix E, are taken as-is, also with permission. The results were
submitted for peer-review as
N. Waniek, E. Berzs, and J. Conradt. Data structures for locally distributed
routing.
Figures that are displayed in this thesis and reprinted or adapted from others, for
instance from the Master’s thesis [22] or the submitted manuscript [372], are clearly
marked as such. Any other figure is the work of the author.

1.4.1 List of Publications
The following list contains publications that were accepted at the time of writing and
submitted or prepared during the phase of the dissertation. In addition, submitted
but pending publications and manuscripts still in preparation are listed.
Accepted peer-reviewed journal papers
1. M. Mulas, N. Waniek, and J. Conradt. Hebbian plasticity realigns grid cell
activity with external sensory cues in continuous attractor models. Front
Comput Neurosci, 10:13, Feb 2016.
Accepted peer-reviewed conference papers
1. N. Waniek, J. Biedermann, and J. Conradt. Cooperative SLAM on small mobile
robots. In 2015 IEEE International Conference on Robotics and Biomimetics
(ROBIO), pages 1810–1815, Dec 2015.
2. N. Waniek, S. Bremer, and J. Conradt. Real-time anomaly detection with
a growing neural gas. In Artificial Neural Networks and Machine Learning
– ICANN 2014, volume 8681 of Lecture Notes in Computer Science, pages
97–104. Springer International Publishing, 2014.
3. R. Araújo, N. Waniek, and J. Conradt. Development of a dynamically extendable spinnaker chip computing module. In Artificial Neural Networks and
Machine Learning – ICANN 2014, volume 8681 of Lecture Notes in Computer
Science, pages 821–828. Springer International Publishing, 2014.
Accepted conference and workshop posters
1. N. Waniek, J. von Stetten, and J. Conradt. Event-based graph cuts, 2016.
Poster presented at Neurocomputing Systems Workshop, Frauenwörth, 2016.
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2. M. Mulas, N. Waniek, and J. Conradt. Exploiting grid cell properties for robotic
spatial navigation. Poster presented at BCCN Retreat, Tutzing, 2015.
3. N. Waniek, M. Mulas, and J. Conradt. Self-organization of grid cell networks.
Poster presented at Bernstein Conference on Computational Neuroscience,
Heidelberg, 2015.
4. M. Mulas, N. Waniek, and J. Conradt. Neuromorphic architecture for robotic
spatial navigation. Poster presented at Bernstein Conference on Computational
Neuroscience, Göttingen, 2014.
5. N. Waniek, M. Mulas, and J. Conradt. Grid cell realignment based on idiothetic
head direction cues. Poster presented at Bernstein Conference on Computational
Neuroscience, Göttingen, 2014.
6. N. Waniek, C. Denk, and J. Conradt. GRIDMAP – from brains to technical
implementations. Poster presented at Bernstein Conference on Computational
Neuroscience, Tübingen, 2013.
7. N. Waniek and J. Conradt. From brains to technical implementations, 2013.
Poster presented at BCCN Sparks Workshop, Tutzing, 2013.
Submitted publications and manuscripts in preparation
1. N. Waniek, E. Berzs, and J. Conradt. Data structures for locally distributed
routing. submitted.
2. N. Waniek, J. von Stetten, and J. Conradt. Graph cuts for asynchronous
event-based vision sensors. submitted.
3. N. Waniek. Multi-Transition Systems: A theory for spatial navigation. in
preparation.

Chapter 2
Biological and artificial neural networks
In the mammalian brain, information is processed primarily by neurons. This chapter
thus gives a compact but general overview of neural networks, how to model them,
issues evoked thereby, and how it links back to the work presented in the thesis.
Furthermore it will point out important influences to the modelling efforts presented
in later parts. Readers familiar with the matter may want to jump directly to the
end of the chapter, i.e. Section 2.5, where the modelling approach that is used in the
thesis is motivated.
The scope of the research area of neural networks in neuroscience and computer
science is tremendous. Hence, the cited literature is certainly not comprehensive, but
only a curated collection of prominent publications to allow further study on each
subject or pointers to examples.

2.1 Neurons and synapses
Most biological neurons consist of a dendritic tree to read out activity from other
pre-synaptic neurons, a soma, and an axonal tree to propagate activity to postsynaptic neurons [177]. A hand-drawn illustration of a pyramidal neuron is shown
in Figure 2.1a. At rest, a neuron’s membrane potential is actively maintained at
around −65mV with the help of several different types of ion channels [186]. When a
neuron receives excitatory input, its electrical membrane potential changes from a
resting potential towards a certain threshold [121, 148, 177, 186]. Given enough input,
this threshold is reached at which point several ion channels in the membrane open
abruptly, thereby inverting the membrane potential. This sudden change is called
spike and, due to electrophysiological properties of the membrane and its contained
ion channels, travels along the dendritic tree towards the soma [148, 186]. On the
soma, activity from different branches of the dendritic tree are integrated. In case
of sufficient collective input to allow the membrane potential to reach the spiking
threshold on the soma or, more detailed, the axon hillock, a spike is propagated
along the axonal tree to post-synaptic neurons. Hence, a neuron collects activity
from pre-synaptic neurons and, given sufficient input, propagates information to
post-synaptic neurons [177]. Neural responses over time are usually called spike trains
and are subject to variabilities [121]. The spike response of a single neuron depends
not only on the input from pre-synaptic neurons, but additionally on the internal
state of the neuron. For instance, in a short time window after a spike, which is
called absolute refractory period, a neuron cannot reach the spiking threshold. This
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Figure 2.1 – Hand-drawing of a neuron, abstraction, and different types of connectivity.
(a) The hand-drawing of a pyramidal neuron shows rich branching of both apical and basal
dendrites. Information in form of pre-synaptic spikes is collected by the dendrites and forwarded
to the soma. A neuron’s axon projects spike activity forwards to other neurons. The arrows
indicate direction of spike propagation. (b) Neurons are commonly simplified in computational
models, e.g. to a point-model representation which integrates pre-synaptic activity (indicated by
the symbol Σ) without simulating details of spike-propagation on the membrane of the neuron.
(c) Several neurons form networks in which they are connected via feed-forward projects (black
arrow), recurrent connectivity from one layer back to previous layers (blue arrows), or collateral
recurrent connectivity within one layer (red arrows).

period is followed by a relative refractory period in which the membrane potential
is below the resting potential, thus making it difficult though feasible to push the
neuron to a spiking behavior [121, 186]. Other variables, many of which are still
subject to ongoing research, may have an influence on the spiking dynamics of a
single neuron, for instance certain neuro-modulators. In case an elaborate and in
depth discussion on modelling the electrophysiological properties of spiking neurons,
spike propagation, and ion channels is required, the reader is kindly referred to [186].
The input region to a (sensory) neuron is called receptive field [177]. Usually, a
sensory neuron responds to only one or a few stimuli from its input space, but not to
others. Neurons of the same module, i.e. neurons which express the same functionality
and are co-localized, usually have overlapping receptive fields. Thereby they densely
sample the input space, which can lead to optimal representations of continuous input
variables given only finite and discrete numbers of neurons [80]. The specific, often
bell-shaped, form in which a sensory neuron responds to input is called tuning curve
and is often modelled as a Gaussian function or a von Mises distribution, centered
on the input to which a neuron responds maximally [80]. Neurons in higher cortical
areas of the brain express more complex tuning curves and receptive fields, however
most of which are not or only rudimentarily understood. Several approaches for
modelling sensory input and neural responses, neural representations, and learning
aspects are described in the literature [80]. One particular form of modelling neural
inputs and neural activity employs probability theory. Here, neural activity and
receptive fields are described in terms of Probability Density Functions (pdfs) which
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allows to treat them with mathematical tools, for instance Bayes theorem [80]. It is
also possible to derive optimality constraints for probabilistic population codes, i.e.
the coding scheme for multiple neurons participating in a probabilistic computation,
and understand post-synaptic neurons as decoders for the probabilistic population
codes. In addition to Dayan et al. [80], a general overview of Bayesian approaches to
modelling neural activities and encodings can be found in Doya et al. [88].
Individual neurons and networks thereof can be modelled with varying levels of
granularity [62]. Multi-compartment models seek to simulate small patches of a neural
membrane tissue to be as physiologically plausible as possible, sometimes even with
accurate dynamics for individual ion channels [186]. The other end of the spectrum
is network models which operate on representations of the whole network dynamics
instead of individual neurons [79, 88]. Many models rely on representations that lie
in between these extrema, e.g. single compartment models in which the potentially
non-linear dynamics of a whole neuron are reduced to only a few equations [32, 163].
A point-like neuron which integrates several inputs is illustrated in Figure 2.1b.
Certainly the type of model needs to reflect the purpose of the modelling effort
and the question that should be answered. For instance, associative or feed-forward
networks which express content-addressability can be modelled as simple neurons
with binary synapses [151,270]. In many cases this is sufficient to understand network
properties, distributed computational principles and parallel processing capabilities,
or to describe certain effects of neurons in real biological networks [181]. Furthermore,
large networks of single-compartment neurons can easily be constructed and simulated
in real-time on commodity hardware [163]. On the other hand though, modelling
the emergence of certain properties of a neuron may rely on non-linear temporal
dynamics for which an increased level of detail is necessary [21, 111, 222]. Without
dedicated hardware such as specialized neuromorphic chips or huge amounts of
conventional computational resources it is almost impossible to simulate detailed
models in real-time, rendering the numerical analysis of the network dynamics a
time-consuming process especially in the case of large quantities of neurons. In such
complex models, a mathematical analysis is often impossible due to inherent nonlinearities. Thus, the complexity of neurons and network models is usually reduced
as soon as possible not only to lower the computational workload but also to make
analytical treatment feasible. For single-neuron dynamics, important contributions
with respect to simplifications, computational efforts, and analytical treatments
were proposed by Fitzhugh, Brette, or Izhikevich [32, 109, 163]. Gerstner [121] and
Izhikevich [162] present general introductions to modelling dynamical systems for
spiking neurons.

2.2 Neural networks and associative memories
Biological and artificial neural networks are often massively interconnected [121, 144,
177]. Important to note is that spike propagation from one neuron to another does not
happen instantaneously in real biological networks [186]. Not only passes time while
the spike is propagated from one neuron to another, but also the propagation along a
neuron’s axon or dendritic tree consumes time. As a consequence, temporal dynamics
are induced by these short latencies which can lead to certain but important properties
within the connectivity structure of the networks. For instance, strengthening or
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weakening of connections between two neurons, or the self-organization of a whole
network, are affected by latencies [121, 393].
The connectivity between neurons can be classified according to their directionality
and targets [144]. The best studied form is feed-forward connectivity, in which one
layer of neurons acts as input to another layer of neurons. Furthermore, neurons that
are connected to their close physical neighbors which belong to the same layer or
functional group of a processing stage are said to have collateral connections [177]. On
the other hand, recurrent connectivity covers both long-range collateral connectivity
within one layer as well as connectivity across layers in such a way that the information
flow through the system forms a loop. The three forms of connectivity are illustrated
in Figure 2.1c, which shows two layers of simplified neurons connected in the described
ways. It is generally assumed that recurrent connectivity is essential to maintain
state over longer periods of time [5]. The resulting network dynamics express nonlinear behavior and are therefore difficult to examine theoretically. Nevertheless,
theoretical assessments of the dynamics with the help of non-linear system theory
were very successful in describing the state-evolution of neural networks, e.g. [311].
In many cases though, numerical simulations are the only currently available tool for
examination.
Recurrent connectivity can be used to model higher cortical functions in form
of Continuous Attractor Neural Networks (CAN) [5, 151]. The activity within such
networks tends to converges to a certain state, the network’s attractor, which can be
kept active over longer periods of time due to recurrent and collateral connectivity.
The shape of the attractor may vary, e.g. it may be a single point of activity within the
network or be expressed in form of lines or other, more complex shapes. For instance,
in neural networks with overlapping receptive fields and recurrent connectivity, a
point attractor may emerge which is expressed as a single bump of neural activity.
The computational principles of such continuous attractor networks and how they
could be implemented in real neural networks were recently described in depth in [54].
CANs are also thought to form the basis of associative memories.
Neural associative memories can be used to store and retrieve patterns and
are able to maintain their activity over longer periods of time [4, 151, 270, 273]. In
the case of an auto-associative memory, patterns u0 , . . . , uM are stored during the
learning phase. Afterwards, the patterns can be retrieved during the retrieval phase
by addressing the content of the memory even with input which is distorted by
noise. Therefore, an auto-associative memory performs pattern-completion. In the
case of a hetero-associative memory, input patterns u0 , . . . uM are used to store and
associate with output patterns v0 , . . . vM . Here, the memory will return an output
pattern vi during the retrieval phase when addressed with a potentially noisy input
pattern ui . In neural associative memories, the response often differs from the optimal
solution or stored pattern, measured in terms of the retrieval [182]. The attractor in
CANs may vary due to the internal re-configuration of the network, or may change
over time due to external input to the network [80, 151, 270]. The way in which the
state changes typically depends on the form of the recurrent connectivity as well
as other influences like the temporal dynamics of inhibitory inter-neurons. In most
network models, the recurrent connectivity is pre-defined or learned previously to
employment of the network. Then, an unspecific trigger signal is sufficient to toggle
transitions and perform syntactic sequencing of consecutive neural activity states in
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artificial neural networks [377]. Sequences of assemblies of neurons were observed
and described for activity in the rodent Hippocampus [279]. This area is believed to
consist of associative memories [299], and is of significant interest in Part II of this
thesis.
The currently active neural state can be considered to be distributed [270]. The
co-activity of neurons in several distributed modules forms what is called a neural
or Hebbian cell assembly [46, 273]. Assembly theory was successfully used in several
models to explain the distributed activity of the brain and how it could emerge
naturally from associative memories [212,286]. Furthermore, the theoretical treatment
demonstrated the capabilities to parallelize and distribute computations [29,376,377].
The results of the theoretical and modelling efforts of the last few decades allow to
interpret some neural networks, and associative memories in particular, as distributed
content-addressable memory [46, 273]. In common hardware and if the input patterns
can be matched exactly, this form of memory can be implemented efficiently using
tables and hash-functions for table-lookups [182] or, generally speaking, hash-tables.
If the receptive fields of a neural network are topographically arranged, the hash
function can be furthermore considered locality-preserving, which allows improved
parallelization [60]. However, neural associative memories are advantageous when the
input patterns cannot be matched exactly. For instance, noisy inputs in which only
partial patterns are available can be reconstructed in neural networks but will pose
issues in associative memories with common hash functions [151, 270]. Furthermore,
the usage of overlapping receptive fields provides a means of generalization over
the input space which is difficult to achieve in hash-table implementations without
additional effort [355].
In many models using associative memories, a single neuron associates only with
one specific input pattern. However, the complexity of dendritic trees of real neurons
likely allows association with multiple patterns. Recent studies indeed demonstrated
learning on individual branches of the dendritic trees [30, 365]. It is therefore likely
that neurons provide a mechanism which allows multiple entries to be stored by one
single neuron.

2.3 Plasticity, synchronization, and learning
A fundamental property of neural networks is plasticity [177]. The strength of
connections between biological neurons is usually not pre-defined but the result of an
ongoing learning process. In models which use rate-based neurons, i.e. a representation
of neural activity in which only a neuron’s firing rate over time is considered but
not individual spikes, typically one of several forms of Hebbian learning is employed,
named after Donald Hebb who initially proposed the mechanism. Here, the strength
is the result of the correlated activity between neurons [145, 252].
One specific learning rule which is is biologically plausible in the sense that it
allowed accurate predictions for learning in the visual cortex is the BienenstockCooper-Munro (BCM) learning rule [25]. However, it was long unclear how this form of
learning could happen on the level of spiking biological neurons until it was discovered
that precise spike timing of pre- and post-synaptic neurons is important [81]. In
simple terms, the connectivity between two neurons is strengthened if the pre-synaptic
neuron spikes just immediately before the post-synaptic neuron and depresses if the
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opposite sequence of events occurs. This finding gave rise to what are now called
STDP learning rules [23, 78, 393]. It was demonstrated that the BCM rule and STDP
learning rules are related [163]. However, the precise mechanisms underlying or the
form of STDP are still not fully agreed upon. Evidence suggests a certain spike-triplet
rule which was, for instance, found in the visual cortex [283]. This rule requires a
fast rate adaptation of neurons to provide stable results during longer time scales,
increasing the complexity of the models [393]. The rule can be altered further to
allow rate-based or even one-shot learning [144, 182, 270, 312].
The synaptic efficacy can be modified in several ways. On the one hand, there
exists Long-Term Plasticity (LTP) which modifies the synaptic strength sustainably
such that the weight change persists even after longer periods of time [177]. On the
other hand, Short-Term Plasticity (STP) induces changes in the synaptic efficacy
which last only short time windows after which the strength converges back to its
previous state, and has been observed for neurons in the Hippocampus [308]. LTP is
assumed to be the result of repeated stimulation of pre- and post-synaptic neurons
and the ensuing growth of novel or strengthening of existing dendritic spines, and
postulated by Donald Hebb in 1949 [145]. In the case of STP, the mechanism is not
as well understood. In both cases however, evidence suggests that initial association
happens comparably fast after presentation of only few input patterns. In the extreme
case this could be considered one-shot learning, i.e. learning of an association after
the presentation of only a singular input pattern. This kind of learning is typically
used in associative memories [180, 181], but was only recently employed successfully
in other artificial neural networks [312].
Despite the asynchronous nature of neurons, synchronization of neural activity
was proposed to solve the binding problem and is often required for fast learning
processes [298,376]. Distinct sensory modalities are extracted by different neurons, for
instance neurons encoding for the orientation of a stimulus or neurons which encode
the color [130]. However, it is necessary to bind the representations in such a way that a
coherent internal perception of contiguous external stimuli emerges [298]. For example,
the neural representations emerging for a red apple may differ from the activity for
a green fruit knife. Still, both objects may be perceived at the same time. Due to
findings primarily in the cat visual cortex, the temporal correlation hypothesis was put
forth which states that the binding problem is solved by synchronization [92,369,370].
Summarized, neurons which fire in response to the same stimulus will correlate their
activity which will, in turn, lead to synchronized firing of neurons corresponding
to a singular stimulus. The superposition of different stimuli is thus resolved by a
temporal coding scheme. It is thought that the result of synchronized behavior of
neurons can be observed in Electroencephalogram (EEG) as certain oscillatory waves.
However, it is not possible to derive single neuron behavior from EEG signals. While
EEG data is recorded on the surface of the scalp, Local Field Potentials (LFPs)
are retrieved from the electrical potential in the extra-cellular space within brain
tissue. Several brain waves were identified both in EEG and LFP which are linked to
behavior [177]. One notable wave is the Theta frequency, which oscillates at 4 to 10
Hz [48]. Initially believed to be the result of loops of activity within neural networks
or effects of summing membrane potentials, it was later proposed that the observed
oscillations are due to synchronized activity of neurons [91]. Currently, synchronized
synaptic currents are held accountable for the reported measurements.

2.4 Modularity and hierarchical computation

Regardless of the detailed mechanism providing the necessary plastic substrate,
there are three major strategies of learning considered in the literature. During
supervised learning, a network of neurons is presented with an input signal and
computes an output. The output signal is compared to an ideal training example.
Given the computed output and the training signal, an error can be computed
which in turn is used to adapt the synaptic weights within the network, for instance
using the well-known error back-propagation algorithm [304]. On the other hand,
there is no immediate error signal during unsupervised learning due to the lack of a
training signal. Here, the neural network generates internal representations of the
input data, for instance by forming a self-organized map due to local neighborhood
descriptions or recurrent connectivity [51, 191]. Self-organizing maps usually operate
on a fixed number of neurons and static descriptions of the neighborhood and
synaptic connectivity of neurons. An extension named GNG allows the generation
of novel neurons within the system and to adaptively change the neighborhood of
each neuron [113]. Finally, Reinforcement Learning (RL) can be considered to fall
somewhere in between supervised and unsupervised learning [340]. Although an RL
system receives a training signal in form of a reward, this reward may only indirectly
relate to system’s learning objective and thus can be considered non-supervised.
Usually, an RL system learns to generate a sequence of actions which is optimal with
respect to the given reward. For instance, an agent that needs to travel from one
location to another may find one sequence of actions more rewarding than another.
For this purpose, an internal representation of state-action pairs can be self-organized
which helps to solve an optimal control problem to maximize the reward. Thus, RL
may fall into the area of unsupervised learning. However, most RL systems exploit
knowledge about the world and thereby the state-action pairs to predefine necessary
structures to hold the information about future rewards, moving the systems more
towards classical supervised learning strategies. Nevertheless, evidence suggests that
some areas of the brain in fact operate on principles of RL [79, 223].

2.4 Modularity and hierarchical computation
Inter-connected areas in the brain form small-world networks [176]. Modules are
connected only to few others instead of exposing all-to-all connectivity. Usually, each
area of the brain has a specific computational purpose [177]. For instance, motion
perception or landmark detection are computed in one or multiple distinct areas.
The distributed co-activation of neurons within several modules form a distributed
neuronal assembly. Regional connectivity structures forming local modules are well
studied and classified according to their cytoarchitecture or organization following
Brodmann [33]. Modules are often distinguishable from surrounding areas due to
the cellular structure and morphology of the region, and just recently novel areas
were identified [123]. On the basis of lesion studies, many of the regions are well
characterized in terms of their general computational purpose.
Findings suggest that hierarchical and multi-layer computation is a successful
strategy to increase the complexity of computed functions. For instance, hierarchical
models exposing distributed asynchronous computation with spiking neural networks
were used to model the auditory cortex as associative memories [29]. However, interactions between modules and hierarchical computations are not as well understood
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as regional connectivity. Recent advances improved the current understanding of the
connectivity within and across several brain areas and of hierarchical representations [261]. Nevertheless, there are many unresolved issues. The challenge in forming
hierarchical computational models for neuroscience is the necessity to understand the
functional properties of the computation as well as the connectivity structure within
communities of connected modules [230]. Knowledge thereof is frequently limited,
as single neurons may react differently depending on context. For instance, they
may express increased activity on the detection of novel signals, but remain silent
in another context. This issue is currently addressed from several directions, e.g.
information theory [2, 3, 272]. In other models, Bayesian inference is used to describe
not only the neural representation within single modules but also to describe the
computation across hierarchies [208]. Although it is still debated whether the brain
performs Bayesian inference, probabilistic models were able to accurately predict
neural response patterns [80].

2.5 On the employed modelling approach
Modules and interactions between areas can be represented in graph theoretical
notations [37, 275, 276, 333]. This makes it feasible to not only apply methods and
techniques from graph theory to analyse network dynamics or build hierarchical
models [208] (for a recent survey of Bayesian networks applied to neuroscience,
see [24]). Given sufficient data, it also allows to determine structures and interactions
within the cortex [261]. The challenge is thus to record from multiple sites at the same
time and establish a proper theory for the function computed in each area. However,
recording from real neurons is difficult. This is especially true for behavioral tasks in
which an animal needs to move freely such as spatial navigation. The instruments
and computers required for recording are mostly stationary and only recently novel
techniques were developed to address this issue [139]. Furthermore simultaneous
recordings of neurons are often limited to only tens of neurons at once except for
very few remarkable studies, e.g. [282],
Regardless, it seems appealing to model neurons in spike-based networks. Some
properties and emerging effects may only be due to the temporal dynamics of spike
propagation. For instance, specific observations in the visual cortex can be explained
primarily by examination of precise spike timings [347,363]. Although spike timing has
been successfully used to learn visual features with an unsupervised learning strategy
based on STDP [232], the non-linear dynamics often make mathematical analysis
infeasible. Furthermore, it is arguable if the details and parameter tuning required
for spiking models is necessary to understand the computational functionality and
purpose of a neural network.
Conclusively, abstractions of the network dynamics are introduced as early
as possible in this thesis. For instance, the feasibility of certain assumptions is
demonstrated in biologically plausible spiking neural networks. Afterwards, the
results are simplified to allow implementation in larger systems or mathematical
treatment. By using a mixture of top-down and bottom-up approaches, the focus
is thereby set on computational functionalities and less on dynamics of individual
neurons.

Chapter 3
The neural representation of space
Mobile agents need to sense their environment to interact with it [244]. To navigate
towards a goal, perception of the goal location or some form of a gradient which
leads towards that goal is necessary. However, perception of a goal is not always
given. Hence, explorative movement should build up memorizable knowledge, which
can be used later to retrieve a trajectory even in the absence of goal perception.
Memorizing and retrieval of spatial knowledge appears to be of behavioral relevance
also for animals. Consider an animal roaming for food for its cubs. As soon as the
animal found suitable nourishment, it has to trace back a path to its shelter to
provide the food to its progeny and not get caught by a predator. Thus, the animal
needs to read out sensory organs and internally represent and link their states while
it was searching for food. Furthermore, the animal should be able to find shortcuts
to closeby locations to avoid unnecessary detours.
In rodents, these navigational, memorizing, and cognitive tasks are computed
primarily in sub-areas of the Hippocampus and the para-hippocampal region, including the subiculum and Entorhinal Cortex (EC) [26, 265, 300]. The information flow
within and across these areas form several loops of information processing [7, 364].
When disrupted, goal-directed navigation is severely impaired [251]. Several types of
neurons participate during the computation, and their characteristics and interactions
will be the focus of this chapter.

3.1 The Hippocampal Formation and Entorhinal Cortex
Located in the medial temporal lobe (see Figure 3.1 for a simplified illustration), the
Hippocampal Formation (HF) is compartmented into several sub-areas [364]. The
main sub-areas are considered to be the Dentate Gyrus (DG), Cornu Ammonis 3
(CA3), Cornu Ammonis 1 (CA1), as well as the subiculum, all of which contribute
to spatial information processing [7, 364]. The small area between CA3 and CA1,
Cornu Ammonis 2 (CA2), is under-represented in current hippocampal research and
therefore its contribution to represent spatial information is not properly understood.
The Cornu Ammonis sub-fields are commonly called Hippocampus, and together
with DG they form the Hippocampus proper [7].
Located adjacent to the Hippocampus lies the EC. Containing several spatially
modulated neurons, it is considered one of the major inputs projecting to the
Hippocampus and was one of the major areas of research during the last few years
with respect to spatial information processing in the brain. It is subdivided into
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a medial and a lateral part, the Medial Entorhinal Cortex (mEC) and Lateral
Entorhinal Cortex (lEC), respectively [7, 364].
There are currently two major lines of thought considering the general functionality and purpose of the Hippocampus. On the one hand, it is attributed to episodic
memory [229, 319, 358], i.e. the storage and retrieval of sequences of behaviorally
relevant information [58, 107, 167, 364]. On the other hand, behavioral studies demonstrate its relation to space [125, 265, 383]. Here, it is perceived as the fundamental
substrate for the biological equivalent of a navigational system [76, 249, 251], for
mismatch correction of spatial knowledge [126], or generally speaking navigation and
spatial memory consolidation [12, 167]. Important for spatial navigation, the network
expresses one-shot learning capabilities [260].
Findings suggest that the DG plays a crucial role in mapping compressed inputs
from the EC to a high-dimensional space. Thereby it decorrelates representations
and performs pattern separation [210, 229, 239]. The objectives computed in CA1
and CA3 are primarily related to spatial and episodic memory [300, 357]. The precise
functionality of most other sub-areas of the Hippocampus remain elusive. They
express complexity both in organization as well as interaction and are attributed to
declarative memory formation [364].
The inter-area connectivity including the Hippocampus and EC is considered to
form a poly-synaptic circuit called trisynaptic loop [6] (see information-flow inlay
in Figure 3.1). Local recurrent connections within the contained areas indicate
additional nested loops of information processing [11]. The para-hippocampal region
is organized and structured in six distinct layers, sharing similarities with the
neocortex [50, 364, 386]. In contrast, the HF is organized in only three layers, namely
the polymorphic or deep layer, a central layer, and a superficial layer. The perforant
path is a unidirectional projection from EC to the Hippocampus, primarily to
sub-areas DG, CA3, as well as CA1. Although the axons to CA3 origin mostly in
layer II of the EC, several projections from layers III, V, and VI exist [386]. In
contrast, the projections to CA1 origin mostly in layer II [364]. In the Hippocampus,
the information flows mostly sequentially on unidirectional projections via mossy
fibers from DG to CA3, and by Schaffer collaterals projecting onwards from CA3 to
CA1 [107, 190]. In reverse, the Hippocampus back-projects to the EC.
Local recurrent connectivity suggests that CA3 forms an auto-associative memory
[205, 241, 245, 277], likely in form of a CAN [356]. In contrast, CA1 presumably
forms a hetero-associative memory [299, 386]. In addition to indirect excitatory
recurrences, several direct recurrent connections or indirect couplings via inhibitoryinterneurons were discovered in the Hippocampus and EC [115]. Curiously, the
recurrent connectivity within mEC was found to be predominantly inhibitory [70].
The sub-areas of the Hippocampus are interconnected with multiple other areas
in the rodent brain [7]. For instance, connections from and to the Pre-Frontal Cortex
(PFC) exist and are necessary for spatial navigation [161, 284]. In turn, PFC is
attributed to decision making and involved in the formation of long-term memories
[102,192,284]. This suggests that PFC has the capability to govern the activity in the
Hippocampus, e.g. by suppressing or facilitating specific neuronal responses which
are related to the animal’s current desire [124]. Furthermore, connections towards and
back-projections from the subiculum were reported [107]. The recurrent connectivity
of hippocampal areas is considered to be essential for goal-directed navigation [179].

3.1 The Hippocampal Formation and Entorhinal Cortex

CA1, CA3
DG

EC

EC

CA3
CA1

Figure 3.1 – Schematic of areas in the rodent brain and exemplary spike responses of
place and grid cells. The main areas of interest in the rodent brain (yellow area) for spatial
navigation are the Entorhinal Cortex, and Cornu Ammonis 1 and 3 (EC, CA1, and CA3; all
highlighted in magenta). The information flows from the EC across the Dentate Gyrus (DG) to
the CA3 and CA1 regions and recurrently back to the EC, forming the trisynaptic loop. Single
neuron recordings of pyramidal neurons from CA1 and CA3 mostly express a singular area of
activity with respect to the location of the rat and are thus called place cells. The inlays show
examples of typical cell responses in simulations in a circular environment for either CA1 and CA3,
or EC. In contrast to place cells, stellate cells of the EC respond in regularly arranged locations
and are called grid cells. In both examples, each gray dot represents a spike of a single neuron
with respect to a circular arena.
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LFPs recorded in the Hippocampus revealed an oscillation which is highly regular
at a frequency of around 4 − 10 Hz while the animal is moving [48]. While the reason
for this oscillation, termed Theta, is commonly attributed to network mechanisms,
its true origin and purpose are not conclusively agreed upon. Observations suggest
that the oscillation coordinates interactions between the Hippocampus, PFC, and
other extra-hippocampal areas, thereby supporting decision processes and memory
consolidation [140, 173]. The oscillation was also perceived to be important for shortterm memory [366]. Furthermore, Theta is considered to be the result of neural
activity traveling in form of waves and therefore a synchronization mechanism within
the Hippocampus [221]. Theta oscillations were also discovered in the EC and thus
linked to spatial memory formation [47], where it is considered to buffer temporal
information, and separate retrieval and encoding of memories [140].
Neurons in the Hippocampus and the EC show activity which is temporally
relative to Theta, an observation called Theta phase precession [169, 328]. When an
animal is moving along a trajectory, the currently best matching place cell is spiking
at the trough of Theta, while the place cells which correspond to places before (after)
the current location are active on the upward (downward) slope of the oscillation.
Theta and Theta phase precession are illustrated in Figure 3.2. Likewise the Theta
rhythm, this salient behavior is only partially understood and probably due to network
mechanisms or other intrinsic dynamics [235]. Nevertheless, one of its main purposes
is believed to form a compressed representation of temporal information [328]. Theta
phase precession can thus be interpreted as the observable operation of a temporal
buffer structure [188, 246]. Recently a link between Theta phase precession, spatial
information, and reward modulation was suggested [362]. Interestingly, Theta phase
precession of the Hippocampus was reported to be independent from Theta phase
precession of the EC [134], indicating that it is either a general purpose mechanism
or effect due to network dynamics, or corresponds to synchronization properties of
afferent inputs [48, 173].
To summarize, the Hippocampus and EC are considered two major areas responsible for episodic memory, spatial navigation, and spatial information processing.
The flow of neural activity within and across the two areas forms several, potentially
nested but distributed and concurrently operating, loops of information processing.

3.2 A zoo of spatially modulated neurons
The Hippocampus and EC contain several spatially modulated cells. Data suggest
that the neurons living in the EC form encoders of rather specific sensory and spatial
modalities, whereas neurons in the Hippocampus form more generalized or abstract
representations [131, 386]. The following overview will present the cell types which
are the most important for the work presented in the thesis, and addresses some
mechanisms which are believed to be the origins for the neural responses.

3.2.1 Place cells
Place cells are pyramidal neurons initially discovered in the Hippocampus in 1971
[264, 265]. A place cell typically expresses activity only when the animal is in a
singular area within an environment, the cell’s place field (see inlay CA1,CA3 in
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8–10 Hz
Figure 3.2 – Theta and Theta phase precession. Theta is an oscillation observable in Local
Field Potentials (LFP) of neurons in the Hippocampal Formation (HF) at around 4 – 10 Hz (black
sine wave at the bottom). The spike times of neurons encoding spatial locations are relative to
Theta when the animal is moving (black dashed arrow). The cell corresponding to the animal’s
current location spikes at the trough of Theta. Cells encoding past and future locations are active
relative to the trough. Cells and their corresponding place fields are indicated as circles, their
relative spike time as arrows pointing to a zoomed-in area of Theta (partial sine wave in the
middle).

Figure 3.1 and Figure 1.1a), or only very few small areas but without a perceivable
regularity in the firing field locations [278]. Especially in large open environments,
data suggests that place cells tend to generate multiple but irregularly spaced place
fields [105]. Nevertheless and once formed, the representation encoded in place cells
is mostly stable even after weeks [346], i.e. a place cell represents the same location
across recording sessions. Studies showed that the sizes of place fields depend on
experience and increase from 20 cm to about 35 cm on average [243]. Another study
pointed out that place field sizes additionally depend on the type of trajectory [380].
Here, average field sizes between 35 cm and 45 cm were reported.
Both, areas CA1 and CA3, express place cell activity, but the functionality
was reported to be heterogeneous and not uniquely dedicated to localization [207].
Several models were suggested to explain or describe the firing characteristics of
place cells [13, 321, 357]. In these models, place cell firing is usually driven by other
spatially modulated neurons, e.g. boundary cells which will be discussed later. Other
data suggest that place cell firing corresponds to goal-directed trajectories [380].
Evidence suggests that spatial representations in the Hippocampus form due to
the influence of other spatially modulated neurons [259]. However, stable formation
of place fields after removal of distal cues or visual sensory information, e.g. during
experiments in total darkness or with blind rats, suggests that place cells rely not
only on afferents carrying visual information but also on other spatially modulated
cues [314, 394].
Later studies reported place cells or neurons with a confined spatial correlate
outside the Hippocampus [287, 315]. However, it is unclear whether the reported
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cells are indeed place cells, recording artefacts of other cell types, or a completely
separate type of cell.
Place cells perform remapping on detection of novel environments, a process which
is linked to the formation of memory [67]. On a remapping event, the place fields
of place cells appear to be re-located to arbitrary other positions. Furthermore, the
relations between place fields of different place cells are not preserved. For instance,
two place cells which expressed place cell firing fields which were previously co-located
can exhibit firing fields which are separated by larger distances (see Figure 3.5a for
an illustration). However, a previously encountered environment will induce the same
place fields on re-entry even after longer periods of time [346]. In addition to full
remapping of the place cell firing fields, place cells express another but subtler form
of remapping called rate remapping [332]. Here, the firing rates of place cells change
but the place fields are (partially) kept. It is assumed that rate remapping allows
super-position of spatial as well as non-spatial information at the same time within
one network [89].
Place cells express activity during trajectory planning and memory consolidation.
The latter appears to occur during short bursts of highly synchronization activity,
known as Sharp Waves and Ripples (SWP-R) which were reported both in sleeping
and awake animals [45,72,164,224]. ”[The activity arises] from the excitatory recurrent
system of the CA3 region and the SPW-induced excitation brings about a fast
network oscillation (ripple) in CA1” [45]. Coordinated by several different types of
interneurons, sequences of neuronal activity that were experienced previously are
replayed during SWP-Rs, potentially strengthening synaptic connectivities and thus
consolidating memories [164]. It was observed that SWP-Rs have an impact not only
in the Hippocampus but throughout the entire cortex [288], likely supporting spatial
memory consolidation in extra-hippocampal regions [164].
Data indicates that path planning processes executed in the rodent brain compute
forward-trajectories to target locations [282]. In experiments with freely roaming
animals, place cell activity was found to compute trajectories to their home locations,
outbound from the current location of an animal, in short bursts of activity. In
addition, multiple possible trajectories were computed before a winning trajectory
was selected. The neural basis for the selection mechanism which favors one trajectory
over another is not described in literature, though. Although not finally determined,
it is likely that both processes, memory consolidation and path planning, are due to
the same underlying mechanism and computational principle.

3.2.2 Head direction cells
The dorsal presubiculum, a small area sending many mono-synaptic afferents to the
EC, hosts neurons which respond to the Head Direction (HD) of an animal [56, 289].
Later, HD cells were found in several other areas throughout the mammalian brain,
which suggests that they are an essential ingredient in the processing of spatial
information.
Different HD cells express preferential tuning to individual but overlapping HDs
and are anchored to distal cues. On rotation of the cue the internal representation of
the HD follows the rotation (see also Figure 3.3). Thus they can be understood as an
internal compass which is independent of the animals movement direction [342, 343].
The representation, updated with very short temporal latencies [400], is stable even
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(a)

(b)

Figure 3.3 – Head direction cell firing follows distal cues. (a) The visualization depicts a
ring of head direction cells (round objects around gray circle) with preferred tuning towards a
certain direction (location on the circle), relative to a visual cue (red bar). Firing rate is color
coded, with blue indicating a silent neuron and red a strongly firing cell. The head direction
network provides a coordinate system L relative to the cue. (b) On rotation of the distal cue,
the firing activity of head direction cells follow the rotation of the cue. Thereby, the internal
coordinate system rotates in concordance.

when conflicting rotations of multiple distal cues are induced [390]. To account for
these findings and based on observations of the anatomical organization [285], head
direction systems are often modelled in form of CANs, e.g. [31], which allow the
necessary rapid updates as well as the observed stability.

3.2.3 Grid cells
Grid cells are stellate neurons with a distinct spatial correlate and were discovered
in the rat mEC in 2005 [135]. Later, they were also found in other animals like
mice [118], and bats [360, 388]. Although they can be found in all layers of mEC,
pure grid cells appear mostly in layer II whereas deeper layers are interspersed by
conjunctive cells (discussed further below). Besides place cells, they are considered
one of the main contributors to the representational system for spatial information
due to their peculiar response pattern [253].
Grid cells express a repetitive pattern of activity, their grid fields, which tessellates
an environment into almost perfect triangles (see inlay EC in Figure 3.1 and Figure 1.1b). Grid fields are characterized according to the size, phase, and orientation
(Figure 3.4), and densely cover the input space due to overlapping fields [256]. The
responses are usually evaluated by computing their gridness scores, which determines
if and how well the responses form a hexagonal pattern [313] (see also Appendix B).
Grid cells appear to be coordinated such that spatial relation between the grid
fields of two cells tends to remain stable even across environments [135]. It is thus
believed that grid cells generate a metric representation of space [254]. Similar to
head direction cells, data suggests that grid cell activity is anchored to external cues
as the response follows rotation of distal cues [135]. Hence it is likely that grid cells
receive feed-forward input from head direction cells [384].
However, the afferents driving grid cell activity are still disputed. On the one
hand, their characteristic response is believed to be the result of path integration,
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(a)

(b)

(c)

(d)

Figure 3.4 – Properties of grid cell firing fields. (a) Idealized firing fields of a grid cell
with respect to spatial location in a square environment. The responses of grid cells can be
characterized according to size (b), phase (c), and orientation (d) (adapted with permission
from [256]).

(a)

(b)

Figure 3.5 – Place and grid cell remapping. (a) On a remapping event from one environment
to another, place fields (blue circles) of individual place cells can move to arbitrary locations. (b)
Grid cells show remapping in form of a possible change of orientation and shift, however the
spatial relationship between grid fields is preserved.

anchored to environmental cues [198]. On the other hand, they require excitatory
drive from the HF [28], and depend on the Theta rhythm at least in the rodent
brain [317]. Furthermore, indirect evidence suggests that their activity may due to
CAN dynamics [391]. However it was reported recently that removal of visual input
also leads to a disruption of their firing characteristics, contradicting the hypothesis
that the activity of grid cells is self-sustaining or requires only unspecific drive from
the Hippocampus [55].
Quite surprisingly, the size and period of grid fields do not vary linearily for
different grid cells. In contrast, the field sizes cluster around certain discrete scales
[256, 336]. Cells of one scale are said to be part of one grid module. Remarkably, the
scale increment between adjacent grid modules is approximately constant within
and even across animals [117]. The increment was reported to be in a√range from
1.3 to 1.7, with strong indications that the real value is very close to 2 [15, 336].
This suggests that the brain operates with a form of multi-resolution analysis during
spatial navigation, an idea which was successfully included in models and engineered
solutions for goal-directed navigation [100, 217]. However, only few currently existing
neural models convincingly explain the origin of multiple scales in the light of grid
cells [133].
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Grid cells express properties related to remapping of place fields [117,248]. On the
one hand, grid cell activity rearranges abruptly to a previously learned orientation on
re-entry of a known environment but keeping the spatial relationship between grid
fields, a process which is termed grid cell realignment. On the other hand, grid fields
are influenced by the geometry of the environment [198, 315], and follow stretching
or shrinking of an environment [228]. Additionally, it was observed that grid cells
realign based on other sensory cues such as odor or color of an environment or other
visual landmarks [227, 280]. Head direction induced rotational realignment based
on visual cues was successfully used to model the realignment of grid cells in an
existing model of grid cell firing [373]. However, grid fields preserve their neighborhood
relations, illustrated in Figure 3.5b. The interactions between hippocampal remapping
and Entorhinal realignment are not conclusively understood. Nevertheless, it was
suggested that grid cell realignment is the basis for remapping the Hippocampus
after observing correlations between the two effects [117, 248].
Complex environments induce grid cell firing fields which deviate from an ideal
hexagonal firing pattern. In a multi-compartment experiment in which alleys were
set up such that they form a zig-zag maze, grid cell firing repeated in every other
alley [85]. Other studies showed that boundaries of an environment influence the
location of grid fields [197, 198]. Notably, grid fields were squeezed and deformed in
the apex of triangular environments. Both findings challenge the assumption that
grid cells convey almost ideal metric information to place cells.
A recent survey covers the ten years of grid cell research since their discovery [303].
However, a somewhat overlooked finding is that grid cells tend to fire more strongly
with respect to head direction and less with heading direction [293]. This observation
poses severe problems for models in which grid cells are used as a mechanism for
path integration. The movement direction is necessary to properly integrate traveled
distances instead of the head direction in these models [122, 324, 398].

3.2.4 Boundary vector cells / border cells
Place cells were found to exhibit firing fields which correlate with the geometry of
the environment [266, 394]. In the study, place cells expressed elongated place fields
along boundaries and walls in one environment, but almost circular firing fields in
another environment. It was thus hypothesized that place cells receive input from
neurons with spatial modulation depending on geometrical boundaries [13]. The
model, developed by Barry et al. [13], suggests that the elongated and deformed
place fields could be explained by afferent input to place cells from boundary vector
information.
Later studies indeed observed the predicted neurons, responding to geometrical
boundaries of an environment [211, 315, 331]. The cells discharge when the animal is
close to a border in a certain preferential direction (Figure 3.6). Called border or
boundary cells by different researchers, the cells not only appear in the Hippocampus
and mEC, but were recently also discovered in other adjacent areas, for instance
the anterior claustrum and the rostral thalamus [165, 166]. However it is currently
unclear if the boundary cells in these areas share the computational functionality
with boundary cells from mEC. Data indicates that they have to be considered a
distinct computational group, expressing slightly different responses. According to
Grieves et al. [131], boundary cells are ”often overlooked” and their interaction with
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Figure 3.6 – Boundary vector cells. The figure shows four examples of border cells found in
the Medial Entorhinal Cortex (mEC). The cells have a preferential tuning towards the distance to
and allocentric direction of a geometric border in the environment. The color shows the firing
rate with respect to the spatial location of an animal. Red indicates a high, blue a low rate of
firing (adapted with permission from [331]).

grid and place cells are complex and ”not greatly understood”.
The cells express tuning not only to a certain distance but also for a specific
direction towards the boundary [331]. A boundary cell fires maximally when a
geometrical boundary is observed with respect to the neuron’s preferred direction,
and not with respect to the animal’s head direction. A suitable afferent for the
extraction of boundary information are visual cues, especially optic flow [294].

3.2.5 Linear speed cells
Many researchers suggest that grid cells perform path integration due to their
repetitive spatial firing fields [39, 116, 280]. Given recurrent connectivity, the activity
in the network is presumably translated from one grid cell to another such that the
periodic response appears [391]. However, this process requires continuous integration
of the animal’s velocity to correctly shift the activity within the network [39]. In
2015, neurons with a firing response that is linear with respect to an animals speed
and suitable for this purpose were discovered in mEC [195].
The cells are context-free and thus not correlated to any other signal except an
animals ego-motion. Additionally, the firing rate was observed to be prospective, i.e.
the rate is anticipatory of future rather than previous or current running speeds.
Summarized, the cells form a functionally independent population amongst the other
cells found in mEC [195].
It was not reported by which converging inputs the speed cells are driven. However,
previous theoretical studies suggested that ego-motion extracted from optic flow can
explain the grid cell response [292, 295]. Hence, optic flow is a likely candidate to
provide sufficient information to drive linear speed cells.

3.2.6 Conjunctive cells
So far, only neurons with distinct spatial correlates were described. However, the
functionality is not always as isolated as presented above. Several conjunctive cells
were identified, for instance conjunctive grid cells which express hexagonal grid
fields but respond only when the animal is facing in a certain head direction [195].
Furthermore, place cells with conjunctive representations were reported [225, 247].
Theoretically, conjunctive grid cells allow to perform linear look-ahead, ideally
suited for trajectory planning and goal-directed navigation [200]. Nevertheless, further
research needs to be conducted to conclusively answer if this is really the case in the
rodent brain. Furthermore, it is as of yet undetermined if conjunctive grid cells are
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the result of combining non-conjunctive cells with other spatial modalities, or if the
non-conjunctive cells are the result of integrating their conjunctive counter-parts.

3.2.7 Interneurons
The Hippocampus and EC are interspersed with several interneuronal systems
[112,174,201]. Although a unique spatial selectivity was not reported for these neurons,
they tend to have certain but undefined selectivities with respect to spatial modalities.
Furthermore, they play important roles during several spatial computations, for
instance during SWP-Rs [45].
Besides excitatory interneurons [114], inhibitory interneurons play an important
role during the formation and stabilization of spatial representations [9, 53]. For
instance, the inhibitory networks in CA1 and CA3 were reported to express very short
latencies, leading to strong synchronization of the network [86]. Furthermore, the
recurrent connectivity of grid cells in mEC was found the be governed predominantly
by inhibition [36, 70]. Hence, it is likely that inhibitory interneurons are important
for pattern separation and gain control of the network dynamics. Given their support
during network synchronization, they are also likely to be important during memory
consolidation and for solving the binding problem, mentioned in Section 2.3.

3.3 Neural interactions and concluding remarks
Place, grid, and head direction cells are considered the three most important cells in
the Hippocampus and Entorhinal Cortex. Their characteristic spatial responses and
their predominant role in the formation of spatial knowledge and during navigational
purposes brought them the name big three [131]. However, not only their interactions
are complex and insufficiently understood. It is also unclear which afferents these
cells, and grid cells in particular, receive. Are they driven mostly by external input
or is the neural activity sustained due to recurrent activity? On the one hand, grid
cells require excitatory drive from the Hippocampus [28]. On the other hand though,
lesion studies, removal of Theta, or the removal of visual stimuli indicate that grid
cells are significantly driven by external input [55, 189, 317].
Many models for place and grid cells use the latter to generate the first [42, 330].
Grid cells are one synapse upstream of place cells and are therefore considered a
likely candidate for driving input to the place cell system. Given their multiple
spatial scales, they provide sufficient information for a unique spatial localization
in comparably large environments. Theoretical investigations are in support of
this view [233, 335, 375]. However, the following recent discoveries challenge this
assumption. Not only were stable place fields found in pre-weanling rats, whereas
grid cell activity could not be found in this early stage of development [204, 382].
In fact, grid cells appear abruptly, but certainly after place cells [236, 341, 381, 383].
Furthermore, both head direction as well as boundary cell activities were reported
to demonstrate adult-like behavior early during development and temporally before
the appearance of grid cells [27]. Both of which are sufficient to model place cell
activity in the absence of grid cell firing [13]. Hence, it seems more likely that grid
cells provide supportive data for place cell firing instead of being their driving input.
The interaction between grid and boundary cells are even less understood. It will

31

32

3. The neural representation of space

be addressed partially in Part II, where boundary information is assumed to form a
suitable input space for spatial disambiguation. As was already demonstrated in a
boundary vector cell model of place cell firing [13], boundary vectors carry sufficient
information to uniquely identify arbitrary locations in complex environments except
for symmetries. It is proposed in this thesis that one of the driving afferents to grid
cells are boundary cells. Hence, it is suggested to add boundary cells to the big three,
essentially forming the big four.

Part II
Multi-Transition Theory
with an application to
Neural Spatial Navigation

Chapter 4
The motivation for a novel theory
Edward Tolman challenged the scientific community in 1948 by proposing his cognitive
map theory [354]. At that time, the behaviorist opinion was that the mammalian brain
learns stimulus response patterns for navigational purposes. He opposed this view
and suggested that the brain acquires representations of the surrounding environment
and performs complex information processing tasks. The already existing interest in
memory formation and spatial navigation increased further after his proposal, one of
the main reasons being that spatial navigation was – and still is – considered to be a
stepping stone to understand higher cognitive functions [255, 256].
The subsequent decades disclosed several types of neurons which were clearly
in favor of Tolman’s theory [253, 257]. The seminal work by John O’Keefe and
John Dostrovsky [265], for instance, uncovered place cells in the Hippocampus of
rats whose spiking activity was correlated with only one or a few locations in an
environment. Afterwards, other types of neurons were reported which had strong
correlations to spatial information. For example, head direction cells fire only when
an animal looks towards a specific direction relative to the environment, thereby
exposing a functionality similar to a compass [290, 343]. One of the more recent
discoveries are grid cells in the rodent mEC [135], thought to be fundamental for
spatial navigation [118]. In contrast to place cells, they express activity in several,
regularly arranged locations of an environment. The reason for and purpose of their
distinguished hexagonally arranged fields of activity remain elusive, though. Today,
most researchers are in favor of one of two explanations. The cells are believed to
either perform path integration, or to contribute to localization. However, both
interpretations have significant issues.
Therefore, this chapter motivates the necessity of a novel model and fundamental
theory for spatial navigation in the rodent brain. For this purpose, a condensed
overview of models for grid cells is presented, and issues are stated which are
considered unsolved by existing models. Subsequently, the concrete research question
leading to the development of a novel theory is stated and influential related work is
noted.

4.1 A brief tour of models for grid cells
The discovery of grid cells led to a vast array of computational models to explain
their peculiar properties, reviewed by Giocomo et al. [122], Zilli [398], and most
recently by Shipston et al. [324]. Oscillatory interference models, for instance, use
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interactions of oscillators to generate the characteristic, spatially correlated response
of grid cells [40]. These oscillators in turn depend on the Theta rhythm, an oscillatory
frequency that is measurable in LFP signals [48]. Other models were suggested in
which grid cell activity forms by principles of self-organization due to converging input
from place cells [125, 196, 338]. Finally, CAN models rely on recurrent collaterals to
generate a Turing pattern [70, 116, 359]. The emerging hexagonal pattern within the
network exhibits grid like firing responses and can be used for path integration [39].
Support for the latter models was reported recently by Yoon et al. [391], who found
indirect evidence for local attractor dynamics in neural recordings of mEC. Other
evidence however, showing that grid cell firing in the rodent brain depends on the
Theta rhythm, is in favor of the oscillatory inference models [189]. Despite their
differences, most models generate neural responses which are phenomenologically
close to biological data, and are based on the assumption that grid cells either perform
path integration or localization. However, it is considered doubtful if a hexagonal
arrangement of fields of activity is a suitable approach for path integration. The
regular distribution of fields introduces ambiguities which have to be resolved using
multiple scales of grid cell responses [99].
Theoretical investigations examined the functional characteristics of grid modules,
their responses, and the impact of scale discretization during localization. It was
proved mathematically not only that grid cells can perform error correction [334].
Furthermore, the discrete scales in combination with the tessellating property of
grid cells form an optimal encoding
of two dimensional space [375]. In the latter
√
analysis a scale increment of 2 arises naturally from optimality constraints and
is hence in concordance with measurements of real grid cells [336]. The emerging
distributed code grossly outperforms place cells and can be used in Bayesian inference
models to estimate the current location [233, 335]. The results generalize to higher
dimensional spaces, which is of interest to researches studying grid cells in other
animals, e.g. Egyptian fruit bats [388]. In addition, it was recently suggested that
neural representations should exhibit discretized scales if they were to achieve
efficient encodings for planning with minimal description lengths [240]. However, the
theoretical investigations fall short on explaining the results in biologically plausible
systems.
The theoretical models point to an important issue, called problem of double
redundancy. Why are there two distinct systems for location encoding, namely place
and grid cells, considering that maintenance of neural networks is energetically
expensive and leads to evolutionary pressure [262]? The grid response is theoretically
superior to place codes for spatial inference [233]. Furthermore, distributed codes
improve information storage capacities in associative memories [180, 269, 271]. Hence
a distributed state representation, such as in a multi-scale grid cell code, outperforms
place cells in representational capabilities and memory capacity if both place and
grid cells were to encode for spatial location.
There is another issue besides the problem of double redundancy. Only few models
for spatial navigation involving both place and grid cells explicitly consider the
temporal aspect of sequences of places [133]. Most literature either ignores temporal
characteristics that are not consequences of neuronal dynamics completely, or pays
just little attention to them. However, the HF is long known to be a critical area for
episodic memory [167, 319, 358]. Furthermore, time plays a crucial role in memory
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formation in the Hippocampus as well as in the operation of grid cells [96, 193, 309].
Conclusively, there is a missing link between the temporal nature of a sequence of
places and its spatial correlate which is not yet addressed in current models of grid
cells.

4.2 Core question and related work
The issues with the existing models for grid cells lead to the following question. Are
grid cells the result of a distinct operation which is related to and in support of
place cells? More specifically, does the characteristic spike response of these neurons,
which are considered fundamental for spatial navigation, and their spatial scales
emerge in a mathematical framework for trajectory planning which links space and
time? The question as well as the resulting framework to answer it are rooted in the
observation that one of the primary functions realized in the Hippocampus and EC
is goal-directed navigation [12, 118, 251]. This in turn requires learning and retrieval
of temporal as well as spatial transitions between places.
A related idea concerning spatial transitions in the Hippocampus was previously
suggested by Cuperlier et al. [73, 74, 146]. However, the authors ignored multiple
scales or optimality of the encoding. Furthermore, sequences and transitions were
not rigorously defined in a proper mathematical framework. Other studies explored
sequence learning in episodic-memories using STDP but did not touch on the subject
of grid cells [142, 143].
A neuron model which shares similarities on the level of the network dynamics
and organization is the rate adaptation model presented by Kropff et al. [196]. In
that model, fatigue dynamics modulate the firing rate of simulated neurons. Using
spatially modulated neurons as input, i.e. place cells, the network self-organizes grid
cells with hexagonal firing fields in Euclidean space. The model was later extended
to include local recurrent competitive dynamics in a network of grid cells [325].
Thereby, grid responses were successfully stabilized such that grid fields shared their
alignment and hence formed coherent grid modules. The computational purpose of
grid cells remains elusive in this model, though. Furthermore, the time required for
the self-organization process is biologically implausible.
The fundamental concept of the model presented by Kerdels et al. is close to
the results and methods presented in this thesis [178]. Specifically, the model by
Kerdels et al. assumes that dendritic computations lead to hexagonal firing fields of
grid cells. Furthermore, the dendritic computation performs clustering of the input
in form of Voronoi cells similar to the results presented in Chapter 7. Likewise the
extension to the rate adaptation model by Si et al. [325], the model by Kerdels et
al. presents a computational method based on local competitive dynamics to align
multiple grid cells. Similar ideas were used in the following chapters. However, the
model of Kerdels et al. requires a periodic input space and performs localization,
whereas the model of grid cells presented in this thesis encodes transitions between
locations.
The proposed novel theory for goal-directed navigation in the entorhinal-hippocampal
loop is derived using tools from symbolic and propositional logic, computability theory, and graph theory. Hence, the resulting resemblance to automata or Reinforcement
Learning is certainly not coincidental. So far, only few authors examined the logic
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of computations in neural networks with propositional logic or transition systems,
e.g. [136, 297, 344]. However, these techniques are provably powerful to understand
and analyse distributed systems [218, 361]. Here, they are used to derive the formal
logic and, later, define the algorithmic concepts.
The formal theory of transition coding presented in this thesis and the development
of the models spans all three levels of analysis proposed by David Marr [230, p.25].
He suggested to examine neural systems on the levels of computational theory,
representation and algorithm, and hardware implementation. Furthermore, it borrows
the coherency and consistency constraints proposed in the same work.

Chapter 5
On Multi-Transition Systems
Any mobile animal requires the capability to travel to goal locations if it wants to
survive. When resting at a single location for long periods it may fall subject to
predators. Given a starting point, the task is therefore to compute one or multiple
possible trajectories which traverse intermediate locations until a target is reached.
Each trajectory can be augmented by sub-goals. For instance when returning
home from the feeding site the animal wishes to visit a waterhole, or it may want to
avoid an area in which it saw its predator. Hence, a trajectory can consist of subtrajectories which were learned previously and associated with positive or negative
rewards, for instance with the help of some reinforcement learning process. Generally
speaking, sub-goals are a recursive evaluation of the path planning operation. It is
therefore sufficient to focus on planning trajectories to a single goal for the time
being.
The following formal system, named MTT, is presented in the context of spatial
navigation. However, it is kept deliberately abstract. It is postulated that it also
applies to other domains in which the storage and retrieval of sequence points are
important. The concatenation of phonemes to produce words or the computation of
trajectories while grasping an object are just two of many examples in which sequences
and transitions are required. The formalism and notation are loosely inspired by CSP
proposed by Tony Hoare [147], and space-time descriptions of distributed processes
as used by Lesslie Lamport [203].

5.1 Alphabets and the computational logic of path planning
A trajectory is a consecutive sequence of points in some space. More abstractly,
it is a succession of symbols that are associated with a meaning, e.g. locations,
numbers, or events. For instance if a person goes from the living room A through the
door B to the car C, the sequence of locations would be denoted A, B, C. Likewise,
the symbols could be assigned to the event of perceiving the room, door, or car,
respectively. Therefore, when working with abstract symbols, the underlying meaning
of a symbol is allowed to change, while the computation remains the same. The
concept of symbols and sequences is formalized more rigorously within the following
axiomatic system.
Definition 1 (Alphabet and sequence). An alphabet Σ is a finite set of symbols.
A sequence (or word) is an ordered tuple of symbols σi ∈ Σ, formally denoted as
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(σ0 , σ1 , . . . ) = w ∈ Σ+ , where + is the Kleene plus operator.
The function η : Σ → N called index of assigns each symbol in Σ a unique natural
number n ∈ N. η −1 is its inverse.
The definition is not restrictive on the succession of symbols. For instance, the
sequence AAA could be generated. It should be considered degenerate from the
perspective of trajectory planning, though. For instance, prey that goes from one
hideout to another should not rest at an open space just because its path planning
system tells it to. It could fall victim to a nearby predator. This leads to the following
constraints.
Axiom 1 (Non-stationarity). A sequence is called non-stationary if any two successive symbols σi and σi+1 are distinguishable, i.e. σi 6= σi+1 .
One may argue that non-stationarity limits general capabilities that lie beyond
path planning, e.g. if one symbol is required multiple times. However the definitions
presented here could easily be extended. For instance by having multiple different
symbols with the same meaning, but containing a potentially hidden contextual
information for disambiguation. Such an extension expresses principal similarities to
Hidden Markov Models.
To capture the temporal and directional ordering of sequences typographically,
the arrows →, 6→, , and 6 are used in combination with symbols. In the example
from above, the arrow → reads as ”immediately happens before” such as in A → B
(”A immediately happens before B”). ”6→” indicates that there is no direct succession
of two symbols, e.g. A 6→ C. Still, there exists a path from A to C denoted as
A
C = A → B → C. Conversely, C 6 A in the given example.
Axiom 2 (Temporal coherency). Let w be a sequence of N symbols σi , i ∈ {0, . . . , N }.
w is said to be temporally coherent (or simply coherent) if and only if σi → σi+1 , ∀i ≤
N − 1.
In other words, a temporally coherent sequence must consist of distinguishable
successors that follow each other, gaps are not allowed. They could lead to indeterminate behavior of an animal, e.g. getting stuck because it does not know how to
continue.
Axiom 3 (Validity). A sequence w is valid or acceptable if it is both non-stationary
and temporally coherent.
The computational logic on the highest level of path planning can now be expressed
symbolically. Let an animal reside at an initial location σs with the goal to navigate
to a target location σt . Assume that there exists such a path and that this knowledge
is available somehow in the animal’s memory. Therefore path planning corresponds to
expanding a path σs
σt into a valid sequence of symbols. In other words, σs
σt
is the input to a program which yields as output a coherent non-stationary sequence
σs = σ0 → σ1 → · · · → σN = σt .

5.2 Universal Multi-Transition Systems
How can the animal compute a valid expansion of σs
σt ? Are there multiple
ways to reach σt and, if so, which one is to prefer? To be able to answer these
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questions it is necessary to examine the transitions between successive symbol and,
most importantly, their representation.
Inherent in the arrow notation → is a mathematical object which encodes relations
between other mathematical objects. For instance A → B denotes a tuple (A, B).
In Reinforcement Learning (RL) this is typically expressed as a transition function
τ : Σ × R → Σ, i.e. a function which maps a symbol (or state) to another symbol
given some general rules of movement R.
Here, a representation for transition systems used in theoretical computer science
is borrowed and extended to allow multiple transitions. Consider the example from
above (room A → door B → car C), but this time the room has an additional door
D which also leads to the car. Hence there exist two possible trajectories from the
room to the car, i.e. A → B → C and A → D → C. This is captured in the following
definitions and notations.
Definition 2 (Transition system, set, bundle, and point). A MTS M is the pair
M = (P(Σ), Π)

(5.1)

where P(Σ) is the power set of Σ describing all possible configurations. The set Π is
called transition set and contains other sets, called transition bundles πi . In turn,
transition bundle πi contains tuples of the form τik : Σ × Σ called k-th transition
point of πi , or simply transition.
A configuration Ω ⊆ P(Σ) corresponds to the set of active symbols, and any
combination of symbols can form a configuration. In other words, a configuration
is the set of propositional symbols which are true. For instance, if A is in the
configuration Ω, then A is true. Furthermore, the following notations will be used
for any transition set Π, bundle π, and point τ .
1. A transition τ from A ∈ Σ to B ∈ Σ can be written either (A, B) or (A → B).
2. Transition τ = (A → B) is said to be defined for A and leads to B, denoted
A ≺ τ and τ  B, respectively. The notation is transitive to bundles and sets,
i.e. A ≺ π ⇔ ∃τ ∈ π, A ≺ τ and π  B ⇔ ∃τ ∈ π, τ  B.
3. A transition bundle π can be written as the tuple π = (S, T ) with start symbols
S = {σ|σ ≺ τ, τ ∈ π} and target symbols T = {σ|τ  σ, τ ∈ π}.
The transition system allows logical deduction when symbols are used as propositions. If a symbol A and a transition (A → B) are both true, B is implied to
be true. This can be written compactly as A ∧ (A → B) ⇒ B, where ∧ reads as
logical and. Thus, A forms a precondition to (A → B) and B its conclusion, given
the precondition is true.
Despite the term precondition, it is crucial to note that the concept of temporal
ordering of events is not applied to the formalism when analyzed logically. Hence,
temporal ordering of evaluations can be made more explicit with the following
definitions.
Definition 3 (Transition evaluation). A configuration Ω ⊆ P(Σ) of a MTS M is
evaluated according to the functions
FM :Ω, Π 7→ ∪i fM (Ω, πi ∈ Π)

(5.2)

fM :Ω, π 7→ {σl |σk ∈ Ω, σk ≺ π, σl is true in π} ,

(5.3)
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with the shorthand notations Π(Ω) := FM (Ω, Π) and π(Ω) := fM (Ω, π), respectively.
On evaluation, a transition set Π therefore yields a set of all symbols which
reduce to true given the current configuration Ω and the transition bundles which
are defined for symbols in Ω. Likewise, a bundle πi returns a set of all symbols which
are true given Ω and its transition points. For the example above, the configurations
correspond to any combination of the rooms A, B, C, D, and
Π = {π0 = {τ00 , τ01 }, π1 = {τ10 , τ11 }} ,

(5.4)

where the transition points are defined according to
τ00 = (A, B), τ01 = (A, D), τ10 = (B, C), τ11 = (D, C) .

(5.5)

Indexes will be omitted or reduced to a singular subscript index if they are not
relevant or can be inferred from context, e.g. τk = τik if i is obvious.
Note the relationship to the vector representation of RL or other automata based
notations. There, state-action pairs are commonly denoted by a transition matrix R,
for which Π is the analog. If multiple co-active symbols and transition results are
disallowed, then any πi corresponds to a vector of R and τk to its k-th entry.
Furthermore the definition can be broadened to allow non-deterministic, probabilistic transitions. The result resembles a Markov Decision Process extended to
multiple active states. It should therefore be possible to study existing probabilistic
methods such as the Forward or Viterbi algorithms with the notation presented here.
The somewhat abusive notations of a set and function have several benefits.
Parallelism and branching are compactly enclosed within the notation, similar to
matrix notation. The example above can be expressed as the recursive program
Π(A
C) = Π(Π(A)), for which C ∈ Π(A
C) holds, regardless if one symbol can
lead to multiple other symbols. Consider assigning each configuration and evaluation
of Π a time-stamp. At time t0 the configuration of M is A and thus the transition
evaluation is Π(A). At time t1 the pair is {B, D} and Π({B, D}). In other words, Π
defines the transitions in a parallel state machine in which multiple states can be
active at the same time, and transitions from one state to another are handled by π.
The bundling trick, i.e. introduction of transition bundles π, is essential to study
optimal transition encoding in neural networks. For instance, the trick allows to reason
about the physical implementation, computational logic, and storage requirements
of transitions in real neurons such as place and grid cells. It also provides a way
to investigate the response fields of neurons representing transitions. Both is not
directly possible otherwise.
Suppose that it is expensive to store only a single transition point in a transition
bundle due to some reason. Furthermore, assume that it is cheap to add more
transition points to one transition bundle. For instance, the energetical production
cost of a whole neuron is assumed to exceed the construction of an additional dendritic
or axonal branch. Hence, the number of transition neurons required is related to
reducing the overal cost. In other words, the optimal number of transition neurons
with respect to this cost is achieved by maximizing the number of transition points
stored within a minimal number of transition bundles. However, transition bundles
are subject to the following theorem.

5.2 Universal Multi-Transition Systems
Theorem 1. Let σ ∈ Σ, M a MTS on the alphabet Σ, Π the corresponding transition
set, and π = (S, T ) a transition bundle. M can generate coherent non-stationary
sequences if and only if the following conditions hold.
1. σk ≺ π =⇒ πk 6 σi .
2. π  σl =⇒ σl 6≺ π.
Proof. 1. From Axiom 1 it follows immediately that any transition π which is defined
for σk and leads to σk violates the non-stationarity condition. 2. Without loss of
generality, consider the three symbols σ0 , σ1 , σ2 ∈ Σ such that σ0 → σ1 → σ2 but
σ0 6→ σ2 . This is expressed in the transition points τ0 = (σ0 , σ1 ) and τ1 = (σ1 , σ2 ).
Assume τ0 and τ1 are bundled in π. Given σ0 and π are true (or active). It follows
from σ0 ∧ τ0 ⇒ σ1 . However, σ1 ∧ τ1 ⇒ σ2 and thus σ0 ∧ π ⇒ σ2 . Therefore, π
tells that σ0 → σ2 is feasible which contradicts the assumption and the coherency
constraint.
In other words, the input and output sets S, T , respectively, of a transition bundle
π are mutually exclusive, i.e. S ∩ T = ∅.
Corollary 1. The input set Si of a transition πi is singleton for a minimal universal
M.
Proof. M is said to be minimal if there exists only one πi for any σk , i.e. σk ≺ πi ⇒
σk 6≺ πj for any j =
6 i. Any transition between two symbols σk , σl are possible in
a universal M. Therefore σk ≺ πi and πi  σl , ∀ l 6= k. According to Theorem 1,
σl 6≺ πi , ∀ l 6= k.
Corollary 2. Let Σ be an alphabet of size M , Π a transition set of size N for a
minimal universal M. Without further restrictions, M = N.
The following constructive proof is rooted in graph theory. As is common in computer science, abstract rewriting systems and transition systems can be represented
as directed graphs.
Proof. The transitions from one symbol to any other can be represented by a
bipartite directed graph G. Each node representing one symbol is connected to
one node corresponding to a transition to other symbols. Each transition node is
connected with a directed edge to any other symbol node that can be reached by the
initial symbol.
The bipartite directed graph can be reduced by replacing any path across a
symbol by a single directed edge. Subsequently, any pair of directed edges connecting
a pair of transition is replaced by an undirected edge. The result is an undirected
graph.
Minimizing the number of transition bundles requires to bundle as many transition
points in one bundle as possible. However, Theorem 1 states that Si ∩ Ti = ∅ for any
πi . This means that only transition points which are not connected by an edge in the
graph can be bundled. The number of transition bundles required to fulfill Axiom 1
and Axiom 2 therefore corresponds to the chromatic number of the graph, i.e. the
number of different colors required in the graph coloring problem [69]. For a minimal
universal M, the resulting graph is complete for which the chromatic number equals
the number of vertices.
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Figure 5.1 – Example of symbols and transitions as a bipartite graph and its reduction
to a undirected graph. (a) Squares represent symbols and circles represent transitions.(b) Each
pair of directed edges from the original graph of which lead from one transition to another over
only a single symbol (dashed arrows) are replaced by a singular undirected edge.

An example of a bipartite transition graph corresponding to an alphabet of four
symbols is shown in Figure 5.1a. The figure depicts four symbols, each as a square
node, and each corresponding transition as a circle. Arrows depict the direction of
the transition. The bipartite directed graph is reduced to an undirected graph in
Figure 5.1b.
In conclusion of the proof for Corollary 2, the minimal number of transition
bundles can be studied by analysing the corresponding graph coloring problem. Note
though that the procedure may not necessarily hold if a sequence contains directional
restrictions, i.e. if A → B is valid but B → A is not. The study of this issue is left for
future work though, and from now on all inverse transitions are considered feasible.

5.2.1 Interim observations and implications for neural networks
The results imply certain constraints for any implementation of a universal MTS
M. The system requires at least as many transition bundles πi ∈ Π as there are
symbols σi ∈ Σ to unambiguously store and retrieve any sequence that it encounters
and is subject to the coherency and non-stationarity constraint. Such a memory
system has to cope with the possibility of a direct transition from any symbol σi to
another symbol σj . In addition, the input space for which the system is used has to
be sampled densely to learn all of these transitions. There is no functionality within
the system to learn or re-generate transitions that have not been observed previously.
Four implications for a neural implementation of M follow promptly:
1. A neuron, or generally speaking a neural state, which represents a transition
bundle will co-activate with its associated input symbol. In other words, it will
inherit the activity field of the input symbol.
2. If implemented as a recurrent neural network, the recurrent connectivity of a
transition bundle neuron to symbol neurons will show correlation only with
target symbols and must decorrelate from its input.
3. The neural system needs to implement a logical and to fulfill the precondition
constraint, for instance in form of hetero-synaptic connections.

5.3 Sequences in continuous metric space: Emergence of grid cells

4. Ignoring additional context, there are as many symbol neurons as there are
transition bundle neurons.
Also worth observing, the symbols and transition bundles of a minimal universal
M form a discrete topological space with a distance metric d. According to Theorem
1, any symbol σj is in the deleted neighborhood N− = Σ \ σi of any other symbol σi ,
i.e. σj ∈ N− (σi ). Consequently d(σi , σj ) = 0 ⇔ σi = σj and d(σi , σj ) = 1 otherwise.

5.3 Sequences in continuous metric space: Emergence of
grid cells
Space is not a discrete topological space on the perceptible level of an animal. The
distance to any other location is neither a constant, nor is it possible to arbitrarily
jump between places. Hence, there is no necessity for a spatial transition system L
to encode transitions between arbitrary symbols. Rather, only transitions between
neighboring points of interest or spatial symbols of a spatial alphabet, formally
denoted as δi ∈ ∆ to distinguish them from σj ∈ Σ, are required.

5.3.1 On dense sampling and sphere packing
Although space is continuous, a biological neural network is finite in the number of
neurons. Hence the input space has to be sampled.
Assume that any point in an n-dimensional metric space D = (M, d) has a unique
signature of sensory readings. This sensory space itself is continuous and therefore
differentiable. Mathematically, this corresponds to the coordinates of a point and the
distance between two points p1 , p2 ∈ M can be expressed by the metric d(p1 , p2 ).
Points and vectors will be typeset in boldface to distinguish them from symbols.
Sampling from the sensory space can be considered one of two related issues. On
the one hand it corresponds to the sphere packing problem [68,202]. The radius rs of a
sphere corresponds to the resolution of the sampling process. The sphere packing and
sphere covering problems were studied extensively and have important applications
in optimal coding theory and especially in error-correcting codes [68,103,209]. On the
other hand, the issue can be expressed in terms of sampling from a band-limited signal
in higher dimensional spaces according to the Petersen-Middleton theorem [281].
Both methods, sphere packing and sampling theory, yield optimal results in lower
dimensional spaces when a regular lattice is used [263]. Higher dimensions are difficult
to prove and results were reported only recently [65, 66, 367]. However, a hexagonal
lattice of sampling points or circles is ideal for the two dimensional case [281]. In the
case of a three dimensional signal, sphere packing is optimal [263, 281].
Conclusively, it is assumed that there exists an ideal sampling process which
yields a hexagonal pattern of spatial symbols δi of the spatial alphabet ∆. This
assumption will be used during the analysis of optimal transition representation in
the following section.

5.3.2 Spatial neighborhood transitions and grid cells
Definition 4 (Spatial symbol, support, and assignment). Let δi ∈ ∆ be spatial
symbols according to an ideal sampling process in a metric space D = (M, d). Each
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Figure 5.2 – Spatial symbol and densest packing of symbols in two dimensions. (a) Two
dimensional depiction of a spatial symbol δi centered at xi . The support of δi corresponds to the
ball with radius rs . Any point within the ball of radius rw is said to be assigned to the symbol.
(b) Example of the densest spatial symbol arrangement in two dimensions.
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Figure 5.3 – Transition graph in a metric space and its graph coloring. (a) Transition graph
between neighboring symbols for Figure 5.2b. (b) One solution to the graph coloring problem on
the transition graph of (a), numbers correspond to colors.

δi is thus centered at a xi ∈ M . A point p ∈ M enables δi if it is within the support
of δi given by the open ball Bi,s of radius rs , i.e. Bi,s = {p ∈ M |d(xi , p) < rs }. The
point p is assigned to the closest δi , i.e. δi for which d(xi , p) is minimal. Given two
adjacent symbols δi , δj , then rw = ||d(xi , xj )||/2, describing a ball Bi,w of radius rw .
The parameters rw and rs are constant for all symbols and rw ≤ rs . The definition
is visualized in Figure 5.2a, and the balls around xi can be understood as follows. Bi,s
defines the receptive field of symbol δi , whereas Bi,w denotes the area in which δi is
considered the winning symbol if multiple symbols where enabled. In neural networks
this translates either to the firing rate or the precise spike timing, depending on the
mechanism that is used for neural coding.
Theorem 2. Let D = (M, d) be a metric space. Let L = (P(∆), Γ) be a minimal
transition system on D such that the countably finite alphabet ∆ corresponds to the
densest optimal covering with respect to rw .
1. The number of transition bundles γi ∈ Γ is constant.
2. The occurrence of any transition bundle γi is periodic.

5.4 Discussion and remarks on the biological plausibility

Proof. The corresponding graph coloring problem introduced in Section 5.2 is used
to proof the theorem in two dimensions. The densest arrangement of spatial symbols
is depicted in Figure 5.2b and forms a hexagonal lattice. Transitions between symbols
are only possible between adjacent symbols. In other words, all symbols δj that
are at most 2rw apart from δi form a local transition group. Consequently, the
corresponding transition graph extracted according to the method described in the
proof for Corollary 2 is not complete, i.e. only the local transition group is connected.
The transition graph for two dimensions is depicted in Figure 5.3a. The chromatic
number of the resulting graph is 3 and the occurrence of colors is periodic as depicted
in Figure 5.3b.
It is conjectured that the proof will hold in higher dimensions.

5.4 Discussion and remarks on the biological plausibility
MTT defines symbols and transitions both for purely episodic as well as spatial
information, the first in case of a universal MTS. Likely neural candidates for symbols
are place cells of hippocampal area CA3. As these cells are relevant for both episodic
as well as spatial information processing [229, 251, 265, 319], it is proposed that they
form encoders of spatio-temporal symbols. Similar to the model by Barry et al. [13],
it is proposed that place cells form primarily on spatial afferents. However, it is
further proposed that the meaning of a symbol in a universal MTS, and hence of a
place cell, can be extended such that it integrates additional non-spatial afferents
due to the observation of conjunctive place cells [225, 247]. The preceding analysis of
a MTS remains unchanged by this extension.
So far it is unclear if inter-neurons in CA3 could represent temporal transitions,
or if temporal transitions are rather encoded in the place cells of CA1. Recurrent
collaterals in CA3 are in favor of the first assumption [11, 205]. Recurrent collaterals
from CA1 to CA3 have not been described often enough in support of the second
possibility. However, it is possible that the recurrent connectivity is not mono-synaptic
but is represented by what is known as the trisynaptic loop, spanning from CA3
across CA1 to EC, before it arrives back at CA3 [6].
Following MTT and Theorem 2 in particular, grid cells are proposed to represent
spatial information in form of transitions between spatial symbols. It is proposed that
they not only form on the basis of pre-synaptic spatially modulated input, but also
affected by recurrent connectivity from place cells. Both propositions were already
observed in real grid cells [28, 55]. From a computer scientific perspective, this setup
of interactions can be considered an abstraction layer and will be explored in detail
in Chapter 7. To anticipate, place cells are suggested to form a storage mechanism
for arbitrary points of a sequence, whereas grid cells encode their spatial transitions
and provide spatial neighborhood information of places. In this way, place cells are
unaware of spatial relations except via the indirection of grid cells. Consequently, the
sensory representation by which grid cells formed in the first place may change over
time, but the spatial relationship, and therefore knowledge of potentially neighboring
locations, is maintained.
The spatial MTS L requires a unique sensory representation to identify singular
locations and for the optimal sampling assumption. Furthermore, it is necessary to
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detect the change between states. Candidates for a neural representation of such
a signature and change between locations are head direction, tactile information,
optic flow or generally speaking distal visual cues, and ego-motion. Optic flow was
successfully used not only to model grid cell firing characteristics in an oscillatory
inference model [291, 292]. It was shown to be sufficient to account for boundary cell
responses as well [294]. The latter finding could explain observations in real recordings
of grid cells in which they were influenced by the geometry of the environment [198,
199]. Furthermore, optic flow contains sufficient information to extract ego-motion
which, in turn, is represented in MEC by speed cells which fire linearily with respect
to the animal’s speed [195]. Additionally, boundary vector cells were successfully
used to encode locations and drive place cell activity in a computational model
and thereby discriminate positions [13]. Finally, sensory cues were able to stabilize
continuous attractor dynamics in a network model of grid cells [258]. Interestingly, it
was reported that grid cells require visual input for their periodic responses [55]. It is
thus conjectured that visual input and the boundary vector state provide sufficient
information for the encoding of locations and formation of transitions in experimental
environments of two and three dimensions.
The optimal sampling process requires a dense representation of the input space.
Hence, the tuning curves of neurons pre-synaptic to grid cells are expected to overlap
appropriately. It is known from several cortical areas, especially the auditory and
visual cortices, that neurons show overlapping tuning curves which are indeed well
separated, uniformly cover the input space, and are often organized topographically
[34, 95, 157, 339]. In all studies, the amount of overlap depends on the tuning width
of the neurons and the number of neurons employed to sample from the space.
On the other hand, the amount of overlap of grid cell firing fields is expected to
decrease over time. Consider two adjacent spatial symbols at locations xi , xj in a
continuous one dimensional space D, encoded in form of two neurons such that their
receptive fields cover the distance, i.e. rs = 2rw . Then, the precise relative spike time
of the two neurons contains sufficient information to determine the exact location
between xi and xj . When does the transition appear and how to encode it? One
may suggest that the transition occurs when the difference between spiking times
of the neurons changes sign, i.e. when the location moves from rw of one neuron
to the next. However, the transition will get activated throughout rs , and thereby
violating the coherency constraint. Therefore it is suggested that a process exists
which will try to maximally separate the tuning curves of the cells depending on
experience within an area. Then, the activation of a spatial transition neuron would
initially start to correspond with rs but shrink to rw over time. An effect which
was already observed in real recordings from the EC [14, 15]. As a by-product, the
response field of a transition neuron will likely reduce to a Voronoi cell. Hence, perfect
rotational symmetricity with respect to rw will decrease. Another feasible solution to
the constraint violation is to associate a transition bundle only with targets outside
of rs , and ignore any other symbols co-active within rs . Other transition cells would
then be required to densely cover the set of spatial symbols. Local self-organization
principles, for instance such as suggested in the computational model for grid cell
formation by Kerdels et al. [178], or attractor dynamics could lead to a coherent
representation within one grid module.
Besides preventing violation of the coherency constraint by transition points, the
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network has the ensure the unambiguity of the transition bundle given its sensory
information. This means that at any location which is uniquely identifiable by sensory
information, only the transition bundle which is associated with the corresponding
sensory state is allowed to be active. This suggests that the transition network is
governed predominantly by local inhibitory recurrences generating a winner-take-all
mechanism. In fact, it was already observed that recurrent connectivity in mEC is
primarily inhibitory [70]. The local inhibition is required to be fast enough to prevent
erroneous activation of a transition unit. Such a temporally quick effect has been
observed already in the Hippocampus [86], and it is expected that local recurrences
in mEC are equally fast.
A model which yields the general behavior expected from the presented theory
was published recently by Widloski et al. The authors proposed a spiking neural
network which was driven by spatially modulated input and formed a hexagonal
lattice in two dimensions [379]. However, the computational necessity of grid cells
was not addressed in the work.
Conclusively, the prerequisites for neural implementations of both temporal and
spatial MTS exist. A biologically plausible model for grid cells in continuous metric
space is derived in Chapter 6. The algorithmic interactions between temporal and
spatial MTS are the subject of Chapter 7.
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Chapter 6
A neural model of self-organizing grid cells
MTT poses significant requirements for real-world implementations of a universal as
well as a spatial MTS. For instance, the necessity of transition neurons to decorrelate
from their target symbols is critical and will therefore be analyzed with respect to
its biological feasibility. Afterwards, a biologically plausible model of a single grid
cell is derived mathematically and simulated for various parameters to characterize
the system. Finally, the model equations are extended for a network of competitive
grid cells. Likewise the single-cell model, the network model will be simulated to
characterize its behavior.

6.1 Learning to decorrelate input and output
Any transition neuron needs to decorrelate from symbols to which the transition is
leading. This requirement, mentioned previously in Subsection 5.2.1, was evaluated
in a small network of two recurrently connected neuron populations and one input
population and is based on the following hypothesis. The temporal dynamics of
individual neurons in combination with an STDP learning rule will correlate neurons
of the second population only with neurons of the first population which fired
sufficiently early. Conversely though, the recurrent drive from the second population
will drive sub-thresholdly active neurons of the first population to their spiking
threshold from which the second population will decorrelate. The hypothesis is
visualized in Figure 6.1. The left hand side of the top row of the figure shows the
stimulus, which is in form of a bar. Three neurons with overlapping and equally
spaced tuning curves will collect the input stimulus. The hypothesis is that the
neuron on which the stimulus is centered will spike almost immediately (simplified
spike-raster plot on top row). Due to recurrent connectivity across transition neurons
in the bottom row of the figure, the other two neurons which were activated subthresholdly due to only partial overlap of the stimulus and their receptive fields will
be driven to their spiking thresholds.

6.1.1 Model overview and implementation details
A basic STDP rule was used to reduce the model complexity [283]. Although more
complex learning rules may be used, e.g. the ones surveyed by Markram et al. [226]
or Feldman [104], the simple rule is sufficient to demonstrate proof-of-principle.
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Spike times of transitions
Figure 6.1 – STDP decorrelation hypothesis. An input stimulus centered on the symbol A is
presented to a network of neurons representing the symbols A, B, C with overlapping Gaussian
tuning curves. The spike times of the neurons thus depends on the amount of input integration.
A recurrently connected network of neurons corresponding to transitions should correlate with a
driving input from the symbol neurons (blue solid arrows) and decorrelate from neurons which
are in the decorrelation phase of the learning rule (red dashed arrows). Conversely, given axonal
latencies that are short enough, the transition neurons should be able to drive symbol neurons to
their spiking threshold and thus increase synaptic strength (red dashed arrows) but decorrelate
from symbol neurons that already spiked (blue solid arrows).

Formally, the weight evolves according to
(

A+ exp(−t/τ+s )
dw
(t) = η
dt
A− exp(−t/τ−s )

,t > 0
,
,t < 0

(6.1)

where t is the time difference between pre- and postsynaptic spikes. An asymmetric
form with time constants τ+s and τ−s was chosen in the range of reported data [23].
Furthermore, the parameters A+ and A− where kept constant. The weights were
initialized randomly with mean w0 and a maximum value wmax was used to limit
weight growth. An unusually large learning rate η was used to reduce simulation
times. The STDP window according to the parameters is plotted in Figure 6.2a.
Asymmetric STDP learning rules have already been demonstrated to be useful in
learning sequences in a model of the entorhinal-hippocampal loop [142, 143]. Here,
the focus lies on the form of the emerging receptive fields though.
The network consists of one input layer and two layers of excitatory neurons,
visualized in Figure 6.2c. The one dimensional input layer consists of stochastic
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Figure 6.2 – STDP kernel and weight distribution and model network layout. (a) The
asymmetric STDP window used for decorrelation learning. (b) Weights from the input to the
first layer of the network are modelled as overlapping Gaussians. One curve is plotted bold for
visualization purposes only. (c) An input layer of neurons feeds into a first layer of excitatory
neurons. The connectivity from the input to the first layer is weighted according to the fixed
kernels depicted in (b). The first layer is indirect recurrently connected by plastic connections
with a second layer of excitatory neurons.
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Table 6.1 – Model parameters for learning receptive fields.

Simulation parameters
Numerical integration time window
Maximum simulation time

dt
Tmax

1 ms
10 s

Neuronal dynamics
Membrane time constant
Absolute refractory period
Axonal transmission delay
Spiking threshold
Minimum pre-activation threshold
After spike membrane potential

n
τmem
tnrefrac
taxonal
θthresh
θr
urefrac

10 ms
5 ms
3 ms
0.400
0.010
−0.100

Synaptic plasticity
Pre-synaptic spike time constant
Post-synaptic spike time constant
Mean initial weight
Maximum weight
Pre-synaptic trace update
Post-synaptic trace update
Learning-rate

τ+s
τ−s
w0
wmax
A+
A−
η

35 ms
80 ms
0.050
0.400
0.010
−0.005
1.000

neurons, spiking according to a Poisson process. During simulation, the input layer
was pulsed at a regular frequency of 100 ms such that the central neurons are likely to
spike. The input neurons are connected to the first layer of the model with constant
weights that follow a Gaussian distribution, depicted in Figure 6.2b. The first layer
has plastic connections to a second layer of neurons. The weights of the connections
are updated according to the STDP learning rule presented in Equation (6.1). The
second layer in turn is recurrently connected to the first, also with plastic connections
governed by the same rule.
The membrane potential of neurons in both layers is modelled as leaky-integrate
and fire dynamics with absolute and relative refractory periods. The membrane state
u of neuron i in the first layer evolves according to
recurrent input

dui
n
τmem
dt

= −ui (t) + H(ui − θr )
+

P

j

P

k

wik δax (t − t(k) )

wij δax (t − t(f ) ) + ξ(t) ,

(6.2)

external input

until it reaches a certain threshold θspike at which it will emit a spike. Here, H(·)
is the Heaviside function, wik and wij are the weights from recurrent neuron k of
the second layer and from input neuron j to neuron i of the first layer, respectively.
δax (·) denotes the Dirac delta and indicates firing times of recurrent (k) or input (f )
neurons, respecting axonal transmission delays ax := taxonal . The term ξ(t) is additive
stochastic noise following a normal distribution which can lead to spontaneous firing
of a neuron. The recurrent dynamics embedded in Equation (6.2) allow to push

6.2 Single neuron model of a grid cell

neurons out of a sub-threshold domain to spiking behavior. The equation for neurons
of layer II follow Equation (6.2) except that there is no external input and the
Heaviside function is omitted.
After a spike occurred, a neuron will undergo a short absolute refractory period
of duration trefrac in which it is not able to emit another spike. Following the absolute
refractory period, the neural membrane potential will be set to a small negative value
urefrac to account for a relative refractory time.
All parameters for the model and numerical simulation are given in Table 6.1.

6.1.2 Simulation results and discussion
Receptive fields emerge after only short times of simulation. The evolution of weights
is depicted in the top two rows of Figure 6.3. Examples of weights of the feed-forward
and the recurrent feed-back connections at the end of a simulation are visualized in
the bottom row of the figure. The figure shows that the weights within the central
region around the stimulus increase in the forward kernel over time, whereas weights
in the surround decrease. Thereby they form an on-center/off-surround receptive field.
The figures also demonstrate that the inverse happens for weights in the recurrent
weight kernels. Note the instability of the weights for longer simulation times due to
unstable network dynamics.
The recurrent connectivity from layer 2 neurons drives neurons of layer 1 to their
spiking threshold. In the simulation, neurons which received pre-synaptic activation
from input neurons will be driven to this threshold. Note that the Heaviside function
is not pivotal, but will act as a ”short-term memory” effect for feed-forward input
from the input layer. Only neurons which received input previously and thus have a
positive membrane potential will get modulatory effects from recurrent collaterals.
Furthermore, the system can be tuned by the parameter θr which allows to set a
minimum pre-activation threshold. Without this restriction, the recurrent activation
is able to drive any neuron to the spiking threshold. An effect which is likely useful,
but was considered irrelevant for the results presented here.
The network dynamics are clearly unstable. For long simulation times the network
activity will saturate, i.e. all neurons will spike at their maximally possible frequency.
However a more sophisticated model including homeostatic plasticity rules and
sub-populations of inhibitory interneurons that modulate the firing activity of the
excitatory neurons is likely able to counter-act chaotic dynamics. Such an elaborate
model will be examined in future work.

6.2 Single neuron model of a grid cell
Recall that one of the primary goals of a MTS is to minimize the number of neurons
required to encode transitions by bundling plausible transition points. A neuron
should therefore sample from as many input locations as possible while subject to
the non-stationarity and coherency constraints. Without these constraints, a single
neuron would simply sample from each location in the input space to minimize the
number of neurons. Taking the results from Section 6.1, a single neuron is thus
assumed to express multiple on-center off-surround receptive fields. Pre-synaptic
afferents and a single grid cell are modelled as follows.
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6.2 Single neuron model of a grid cell

6.2.1 On dendritic tree computation and the error function of a single
transition neuron
In the presented model, a grid cell is assumed to expose several possible dendritic
branches (from now on simply called dendrites) containing multiple potential dendritic
spines. Thereby, a grid cell is able to sample from multiple locations of the input
space.
The input space is represented by pre-synaptic neural activity which is arranged on
a rectangular grid. Each dendrite therefore has a probability proportional to a weight
wi := (wi1 , . . . , wiN ) to sample from the input space coordinate xi := (x1i , . . . , xN
i ),
where N corresponds to the number of dendrites. In other words N dendrites cover
the whole input space, and the possible range of dendritic weights is given by
wi ∈ [0, 1], ∀i. Note that the pre-synaptic input may be provided by M neurons with
M 6= N , however this case is omitted in the analysis and simulation results.
It is further assumed that grid cells grow their dendritic trees towards pre-synaptic
neurons due to a gradient process and thereby dendrites co-locate approximately
uniformly with their inputs. Thus, the dendrites initially connect to all pre-synaptic
neurons uniformly and thus uniformly cover the input space. Furthermore, multiple
dendrites of a single neuron are assumed to overlap with the same pre-synaptic
neuron. Thereby multiple dendrites sample from a single pre-synaptic input and
hence will become co-active for a singular value x of the input space. The extend of
overlap, and thus receptive field size, is characterized by the parameter σ1 .
Instead of modelling the receptive field extents of pre-synaptic neurons in form
of a continuous metric the following discrete wavelet-like function is employed. The
receptive field kernels ρ+ and ρ− for the on- and off-areas of a dendrite are modelled
using the Minkowski distance. Here, p = 2 is used, which reduces the Minkowski to the
Euclidean distance. The kernels are subsequently binarized such that ρ+ , ρ− ∈ 0, 1.
The binarization is rooted in the observation that neural spikes appear to be binary
events and are only post-synaptically weighted due to synaptic efficacy. The kernels

Figure 6.3 (previous page) – Evolution of weights in feed-forward (FF) and recurrent
feedback (FB) projections and examples at end of simulation. The top row shows the
evolution of weights for the feed-forward connection from layer 0 to layer 1 and the middle row
the evolution of weights of the recurrent feedback connections from layer 1 to layer 0. Black
lines indicate mean values filtered with a Butterworth filter of order 2 and cutoff frequency 0.01,
the gray area indicates maximal and minimal weights. The depicted weights are collected from
25 independent simulations with a simulation time of 10 s. The weights were subsampled every
250 ms. Note the difference of the axis values for center and surround weights.
Examples for the weights at the end of the simulation are depicted in the bottom row. Each gray
circle indicates the weight of a synapse. The black line are the weights filtered with a Butterworth
filter of oder 2 with a cutoff frequency of 0.20. The left column shows the weight distribution
on the forward connections from layer 0 to layer 1, whereas the right column displays recurrent
weights from layer 1 to layer 0.
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are formally defined as
ρ+ (x, y) =


1,

PN

for 0 ≤
0, otherwise

1,

for σ1 ≤
ρ (x, y) =
0, otherwise
−

i=1 |xi

PN

− yj |p

i=1 |xi

1/p

− yj |p

< σ1 ,

1/p

< σ2 ,

(6.3)

(6.4)

where σ2 = 2σ1 reflect the on-center and off-surround portions of the receptive fields.
The receptive fields defined by σ1 and σ2 are abstractions of the results presented
in Section 6.1. Note that indices are dropped if they are clear from context, e.g.
xi := (x1i , . . . , xN
i ) reduces to x := (x1 , . . . , xN ) as in the definitions above. The
parameters σ1 and σ2 are related to the concept of eigenresolution, described in
Section 7.2.
Given a weight vector w := (w1 , . . . , wn ) describing the current dendritic weight
distribution of a neuron, the total error is formally expressed as
F (w) = λL(w) + (1 − λ)(E + (w) + E − (w)) ,

(6.5)

where L(w) is the error with respect to the dendritic load of the neuron and E + (w)
and E − (w) are the errors with respect to the transition constraints. The parameter
λ allows to adjust the importance of each objective.
The dendritic load of a neuron accounts for the ratio of the input space which
is covered by the neuron. In other words, given a discrete number of dendrites, it
indicates how many of the dendrites are associated with pre-synaptic input. To
minimize the number of required neurons, as is objective in an MTS, a single neuron
has to associate with as many inputs as possible. Certainly, this objective is achieved
when all weights are maximal. The dendritic load error is modelled as the mean
squared error according to
L(w) =

N
1 X
(1 − wi )2 .
N i=1

(6.6)

The dendritic load of a neuron is potentially either in support or conflict with
the constraints of transitions, i.e. correlating to input signals and decorrelating from
target symbols. These constraints are captured by the on-center and off-surround
receptive fields of each dendrite. Their normalized errors are given by
E + (w) =

N X
N
1 X
A+ (wi − wj )2
N i=1 j=1 ij

E − (w) = 1 −

(6.7)

N X
N
1 X
A− (wi − wj )2
N i=1 j=1 ij

(6.8)

−
with the normalization terms A+
ij and Aij assumed constant over the course of all
simulations. They are defined as

A+
ij

:= ρ (xi , xj ) PN

A−
ij :=

PN

+
l=1 ρ (xi , xl )
PN
+
m=1
n=1 ρ (xm , xn )
PN −
ρ (xi , xl )
ρ− (xi , xj ) PN l=1
PN
−
m=1
n=1 ρ (xm , xn )
+

,

(6.9)

.

(6.10)
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Due to the normalization terms, only unfavorable weight differences are taken into
account in the computation of the error. For instance, a neuron which is associated
with a pre-synaptic neuron that falls into its off-surround receptive field is penalized
and expresses an increased error. By definition, the normalization terms capture
boundary conditions and return the relative contribution to an error of a dendritic
weight even if their receptive fields do not fully overlap with the input space. This
happens, for instance, at borders of the simulated pre-synaptic input which is set up
as a square region. The normalization hence prevents erroneous values introduced to
the evolution of weights.
It is now possible to state the weight update for any weight wk using the error
function F (w), namely
∂
∂
∂
∂
F (w) =
L(w) +
E + (w) +
E − (w)
∂wk
∂wk
∂wk
∂wk
2
= − (1 − wk )
N

X
1
4wk − 4
wi A+
+
ki
N
i
−
=−

(6.11)


X
1
wi A−
4wk − 4
ki
N
i

(6.12)


X
2
4 X
(1 − wk ) −
wi A+
wi A−
ki +
ki ,
N
N i
i

(6.13)

which corresponds to a discrete convolution of the weights with the distance functions
−
ρ+ and ρ− , corrected by the weight terms A+
ij and Aij , respectively. The derivation of
the individual error terms ∂/∂wk L(w), ∂/∂wk E + (w), and ∂/∂wk E − (w) can be found
in Appendix A.
It is assumed that synaptic strength in biological systems is limited and updates
happen non-linearily. The weight change is therefore modelled using the Tanges
Hyperbolicus. Hence, the discrete-time update during simulations follows according
to
wt+1 = tanh(wt + ∇wt ) .

(6.14)

where the dendritic weight update for gradient descend to minimize the error function
F (w) follows immediately from
∇wt = −η∇F (wt ) ,

(6.15)

using a constant learning rate η. Finally, weights are limited from below such that
they cannot become negative, i.e. wi ≥ 0, ∀i.
The model is illustrated in Figure 6.4a. The figure depicts a single grid cell with
three associated dendrites, each expressing an on-center off-surround receptive field.
To minimize the error function, the on-center regions have to associate with afferents,
whereas the off-regions need to decorrelate. However, on- and off-regions of different
receptive fields are not allowed to overlap.
Note that the presented results apply to the continuous case in which, when using
the Ricker (or Mexican-Hat) wavelet to model the receptive fields, the weight update
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(a)

(b)

Figure 6.4 – Overviews of the single- and multi-cell models. (a) A single cell has multiple
dendritic branches, each expressing a center-surround receptive field. The cell associates to driving
inputs from spatially modulated afferents, depicted by black arrows with a plus sign. However, it
has to correlate only within center regions of its receptive fields, indicated by the blue arrows
with a plus sign, while decorrelating in its surround regions, marked with orange arrows and a
negative sign. (b) The inhibitory interactions between grid cells in a network of cells, indicated
by lines with bullets at their endings, lead to a aligned arrangements of the receptive fields of
each cell, depicted as filled circles. The objective of the entire network is to densely cover the
spatially modulated afferents, depicted as black arrows.

is governed by the second derivative of the Gaussian kernel. The discretized version
presented above allows to directly address boundary conditions and avoids expensive
computations of exponentials during simulations, though.

6.2.2 Model characterization and simulation results
The emerging weight distribution as well as the numerical stability of the model were
analyzed as follows. The input space, and therefore dendritic tree, was considered
to be square and each dimension in the range [0, 1]. The weights of a grid cell were
initialized to tanh (1) with a chance of 10%, or 0 otherwise. The learning rate was
kept static at η = 1.0. Several values for the parameters λ and σ were examined by
simulating a single grid cell for 5000 iterations (arbitrary time units). The relative
error importance λ was varied from 0.0 to 1.0 with a step-width of 0.1, whereas σ
was varied from 0.05 to 0.20 in increments of 0.01. While varying one parameter, the
other parameter was kept fixed. Each configuration of the parameters was evaluated
in 40 simulations with N = 482 dendritic weights and an additional 40 simulations
with N = 642 dendritic weights.
Gridness scores were computed using the common technique described by Sargolini
et al. [313] (see also Appendix B for a brief overview). However, they were computed
on the non-smoothed dendritic weights and not via intermediate generation of spike
plots. The reason is that dendrites are assumed to sample from spatially modulated
inputs and, therefore, average spiking behavior of the neuron precisely follows the
distribution of dendritic weights. Spike generation, for instance using a Poisson
process, based on the distribution of weights is thus considered an intermediate but
unnecessary step.
Results for the numerical analysis of different receptive field size are depicted

6.2 Single neuron model of a grid cell

in Figure 6.5. The figure shows results for λ = 0.50 in the top and for λ = 0.65 in
the bottom row. Each row of the figure contain box plots for both N = 48 as well
as N = 64 dendritic weights. Other configurations of λ in combination with several
other values for σ1 were evaluated, but no qualitatively significant differences between
the results were detectable. In all cases, the gridness of the weight distribution breaks
down when σ1 ≥ 0.13 and recovers for larger sizes. Furthermore, σ1 ≤ 0.07 leads to
impoverished gridness scores. As will be discussed below, the origin of the behavior
is because of numerical constraints and not because of a principle issue in the model.
The impact of the relative error importance λ, given σ1 = 0.10, is depicted in the
top row of Figure 6.6. The results presented the bottom row of the same figure show
a peek of performance for σ1 = 0.13 at which the simulations yield the best gridness
scores while maintaining several grid fields in the dendritic weight distributions.
Hence, the impact of λ was further analyzed for this value of σ1 .
Average examples for the states of convergence of single cells with N = 48
dendrites after 5000 iterations are depicted in Figure 6.7. The results for N = 64 are
qualitatively identical to N = 48 and therefore omitted. The distance between circular
weight fields corresponds to σ1 because σ2 = 2σ1 . Smaller σ1 lead to numerical issues
as is visible in the Figure 6.7. For instance, the first tile of the figure contains response
fields which are mostly non-circular. The densest arrangement of fields that can be
achieved on the square input is non-hexagonal but quadrangular for larger σ1 , as is
shown in tiles for σ1 = 0.15, σ = 0.16, σ = 0.17, and σ1 = 0.18.

6.2.3 Interpretation of the model and results
The coordinate xi directly corresponds to a location in two dimensional space due to
considerations of simplicity of the simulations. However it is postulated that, on the
one hand, xi could correspond to co-activity of spatially modulated neurons in a real
neural network which are not necessarily place cells. Several boundary vector cells are
likely candidates to provide input which yields unique spatial identification [13]. On
the other hand, xi could correspond to a normalized physical location of a dendritic
branch.
The weight update given in Equation (6.13) forms a Reaction-Diffusion System
(RDS), known to be capable of producing Turing patterns [71]. Similar functions
were used in CAN models of grid cells to form hexagonal firing fields [39, 70]. The
major difference of these models to the model presented here is that the equation is
not directly applied to the neural recurrent dynamics, i.e. the activity of neurons
in a network, but to the excitability of a neuron based on its dendritic weights.
Furthermore, these models typically include constants to tune the network dynamics
and are susceptible to erroneous settings, whereas constants required in the equations
above are a direct consequence of the error function given in Equation (6.5).
The results show a numerical problem of the simulation, observable in Figure 6.5.
As soon as the receptive field size becomes too small, i.e. σ1 ≤ 0.07, the receptive
field deteriorates and is not circular anymore due to the discretized square input
bins. This can also be seen in the first tile of Figure 6.7. Thus, it is impossible for
the dynamics to form a hexagonally dense arrangement of circular fields. A related
issue is visible in the data shown for 0.15 ≤ σ1 ≤ 0.18. Here, the weight distribution
forms one or two main blobs which are not detectable as a grid-like arrangement.
The remarkable results for σ1 ≥ 0.19 are only because a singular response field is
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Figure 6.5 – Single grid cell model, gridness scores over receptive field sizes. Gridness
scores were computed directly on the emerging weight maps after 5000 iterations. The relative
error importance was set to λ = 0.50 in all simulations presented in the top row. The bottom
row contains results for λ = 0.65. Weights were initialized with a chance of 10% to tanh (1) and
0 otherwise. Each depicted configuration was simulated for 40 times.
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Figure 6.6 – Single grid cell model, gridness scores over error importances. Gridness scores
were computed directly on the emerging weight maps after 5000 iterations. The receptive field
size was set to σ1 = 0.10 in all simulations of the top row, and to σ1 = 0.13 in the bottom
row. Weights were initialized with a chance of 10% to tanh (1) and 0 otherwise. Each depicted
configuration was simulated for 40 times.
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Figure 6.7 – Single grid cell model, state of convergence after 5000 iterations for varying
σ1 . The simulated cell had N = 48 dendrites and λ = 0.50. Large values of σ1 show problems of
the simplified rectangular receptive field. Results for N = 64 are qualitatively identical.

formed, which leads to perfectly hexagonal arrangements in the auto-correlogram
used to compute the gridness score. Furthermore, the small number of dendritic
weights, which was chosen due to reduce simulation times to an acceptable duration,
introduce small but mostly negligible problems. Nevertheless, the results depicted
in Figure 6.6 and Figure 6.5 demonstrate that the model is able to form stable
hexagonal fields in most of the cases despite these numerical inaccuracies.
The square pre-synaptic input space is biologically unlikely. However, spatially
modulated neurons with response fields localized only in single or few locations have
been observed, e.g. in form of place cells [265]. Furthermore, the boundary vector
space in combination with head direction information allows to represent arbitrary
locations unambiguously in a square environment [13]. Thus, spatially modulated
neurons which are confined to the square experimental environment are not unlikely,
thereby providing a limited input-space which is also quadratic.
It is proposed that one of the primary elements of the input space to grid cells
is boundary vector information. Such a space, anchored egocentrically, provides
information about distances to geometrical boundaries and appears to be an ideal
candidate to generate hexagonal fields. Boundary information was used in a model
for place cell formation [13], whereby it was shown that boundary vector cells provide
sufficient information to identify locations. The latter is crucial in the sampling
process for the dendritic tree, presented here. Furthermore it was reported that grid
fields arrange due to the geometry of an environment [197, 199], clearly in favor of
the proposition.
In the model, a single grid cell associates with multiple input state representations.
Thus, it is proposed that local dendritic computation in grid cells is more involved
than what is suggested in most other models for grid cells, with the notable exception
of the model by Kerdels et al. [178]. It is likely that novel techniques, such as
protein calcium imaging [57], will be able to determine if dendritic computations are
indeed performed by grid cells, or if individual dendritic spines of grid cells perform
distributed computations. Specificity towards individual inputs and distributed
computation were already reported for other cells on the level of dendritic branches,

6.3 Competitive network model of grid cells

spines, and even synapses [30, 63, 237, 320]. Furthermore, it has been reported that
dendritic spines expose cooperation based on their physical location [374].
The growth process for the overlap of branches, and therefore receptive field
sizes, could be either governed genetically, or modulated due to feedback from other
systems. In case of a genetic primer, a simple rule or gradient based mechanism
to govern the sub-division or novel growth of branches is expected. An elaborate
simulation based on fractal rewriting systems, for instance, L-systems, could provide
realistic dendritic trees based on such simple rules which, in turn, could then be
used to study the formation of different grid field sizes. L-systems were already
successfully used to model the growth of neurons and their dendritic spines [399],
and fractal geometry in general appears to be a fundamental concept in biological
systems [159]. It is expected that in such a rewriting system, a simple rule in which a
dendritic branch is rewritten by two or more smaller branches would not only allow
the generation of smaller receptive fields, but already provide a genetic pointer for
the generation of discrete receptive field sizes. The latter case of receptive field tuning,
i.e. driven by recurrent activity, would require ongoing activity-dependent structural
plasticity of neurons. This form of plasticity was indeed observed and attributed to
calcium signalling [387]. A potential external signal to modulate, general principle
behind, and behavioral necessity for discrete scales of receptive grid field sizes in
light of MTT are presented and discussed in Section 7.2.
So far, the model assumed an input space of a certain size which depends on
the number of dendrites specified during the simulation. Certainly, a non-artificial
neuron is also limited in the number of synapses that it can form. Thus, the possible
associations of one neuron to input patterns is also restricted and allows to predict
expected numbers of cells given an input space. This calculation is postponed to
Section 7.2, though.

6.3 Competitive network model of grid cells
The single cell model presented in the previous section has a limitation with respect
to biological plausibility. It assumes that all inputs are presented uniformly to the
grid cell and that it learns an optimal representation to minimize the average error
due to an offline learning strategy. However, it is unlikely that the real grid cell
network is presented with inputs in such a manner that the self-organizing process
can pre-compute the optimal weight distribution. It is equally unlikely that grid
cells are not subject to plasticity effects which alter these weights over time. In
contrast, it is more likely that an online process adapts grid cells which express
continued plasticity. Furthemore, a single grid cell cannot cover the entire input
space. Therefore, multiple cells are required to jointly associate with all possible
locations in the environment for the purpose of storing all feasible transitions. Hence,
each cell has to adapt due to its local internal representation error introduced in the
previous section, as well as a global error signalling the coverage of the input space.
Consequently, an online learning process for the minimal number of three grid
cells is presented for a moving agent in this section to address these shortcomings.
The process and weight updates are based on the single cell model, but adapted such
that the weight updates return stable results with only singular update events of
the current location of the animal. Additionally, an error term with respect to the
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co-activity of grid cells is introduced. The weight updates are then performed using
a competitive winner-take-all strategy. The section closes with a discussion of the
model, its results, and its biological plausibility.

6.3.1 Model description and network dynamics
The network consists of Ng neurons, with Nd dendritic weights wi each. Each dendrite
is tuned to sample from pre-synaptic inputs which are spatially modulated for a
location xi as described above. Likewise, the on-center/off-surround receptive fields
are tuned by the parameters σ1 and σ2 .
The temporal dynamics of pre-synaptic inputs and dendritic activation are
modelled as follows. Any pre-synaptic activity for a location xt at time-step t of the
simulation stimulates a total of Dt = Bt ∪ Ct dendrites of a single cell. Bt and Ct
are the dendrites with an overlap of either their on- or off-portions of their receptive
fields and the input stimulus. The results of Section 6.1 showed that the weights in
the off-surround vanish, though. Hence, only the activation of Bt is considered to
drive a cell to its spiking threshold. Conversely, decorrelation is modelled only for
dendrites Ct .
The neural activity is computed by evaluating Bt without considering explicit
spiking behavior. Furthermore, the activity collected by the Bt dendrites is used for
a winner-take-all selection of the best matching neuron. Given the set of stimulated
dendrites Bt , grid cell activity an (Bt ) for each grid cell n ∈ 1, . . . Ng is computed as
the weighted sum over all dendrites which receive stimulation. Formally,
PNd

an (Bt ) =

wi
,
|Bt |
i

(6.16)

where |Bt | corresponds to the number of dendrites receiving activity at time t.
Pre-synaptic input activity is considered binary and modulated only locally in the
post-synaptic neuron by the corresponding dendritic weights.
Recall the error function of the single cell model given in Equation (6.5). It contains
independent terms for the dendritic load as well as the correlation/decorrelation
constraints. In the competitive network model, all neurons have to jointly cover the
input space but uniquely identify transitions. Therefore, co-activity of grid cells is
penalized by introduction of the following additional non-linear error term.
Cn (Bt ) =

X
1
am (Bt )a2n (Bt )
2(Ng − 1) m6=n

(6.17)

Consequently, the entire error function for neuron n at time-step t during the online
learning procedure is given by
Fn (w, Bt ) = Ln (w) + En+ (w) + En− (w) + Cn (Bt ) ,

(6.18)

with Cn (Bt ) as stated above and Ln (w) given by
Nd
−1 X
Ln (w) =
(1 − wi )2 .
Ng Nd i=1

(6.19)

6.3 Competitive network model of grid cells
The error terms En+ and En− are subject to the winner-take-all mechanism. At each
time step t, the winner-take-all mechanisms selects the most active grid cell according
to an (Bt ), and only the winner receives error signals for En+ and En− . In other words,
the winner-take-all mechanism allows only the winner to associate with the presented
input and prevents all other neurons from updating their correlation-decorrelation
objective.
The error function leads to the following online update rule for weight wk of a
neuron n and time step t.
X
∂
2
1
F (wn , Bt , Ct ) = −
(1 − wn,k ) +
am (Bt )an (Bt )
∂wn,k
Ng Nd
Ng − 1 m6=n

∂
∂
E + (wn , Bt ) +
E − (wn , Bt , Ct ) ,
∂wn,k
∂wn,k

+

(6.20)

where


−4(N −1)

g

∂
Ng Nd |Bt |wk , if n = arg maxm am (Bt )
E + (wn , Bt ) =
0,
∂wn,k
otherwise

(6.21)

and


4(N −1)

g

∂
Ng Nd |Ct |wk ,
E − (wn , Bt , Ct ) =
0,
∂wn,k

if n = arg maxm am (Bt )
otherwise

.

(6.22)

The weight update of weight wn,k in discrete time steps follows accordingly.


wn,k,t+1 = tanh wn,k,t −


 1 η(t) ∂

if wn,k ∈ Dt

0,

otherwise

3

∂wn,k F (wn , Bt , Ct ),



(6.23)

Note that thereby only dendritic weights which are either in Bt or Ct are updated.
Any dendrite which is not subject to pre-synaptic stimulation remains at its previous
weight. As in the single cell model presented in Section 6.2, weights are subsequently
clamped from below such that wn,k ≥ 0 for any neuron n and weight k.
The learning rate η(t) is self-tuning and defined according to


η(t) = exp

−

1
savg

s2t



,

(6.24)

where st is the animal’s speed and savg is the average expected running speed.
Although savg was pre-computed for the presented simulations, a running average
yields the same results.
The entire network is illustrated in Figure 6.4b. The cells interact using only
inhibitory interactions, drawn as lines with circular endings. To minimize the objective
function, the cells will arrange their receptive fields accordingly and form a grid
module.
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(a)

(b)

(c)

Figure 6.8 – Trajectory example and movement statistics. (a) One example of a trajectory
used during simulations involving random exploration of a square environment. (b) The distribution
of speeds closely resembles data reported from real rodents. (c) The angular velocities are tuned
according to real data as well.

6.3.2 Methods and simulation results
Virtual input trajectories with movement statistics close to real data of rodents
were used. A novel trajectory was generated for each simulation. An example of a
trajectory as well as statistics on angular velocity and running speed are depicted
in Figure 6.8. The location of the animated animal was presented to the network
every 10 ms. The duration of one training session was 3 h to observe long term effects.
Furthermore, Ng = 3 and Nd = 48. The weights of each neuron were initialized
such that they had a 10% chance to be set to 1, or were set to 0 otherwise. The
receptive field size was set with parameters σ1 = 0.10 and σ2 = 2σ1 . The network
was simulated for a total of 400 times. Note that λ was dropped from the equations
due to the results of the previous section. The receptive field sizes were determined
by σ1 = 0.10 and σ2 = 2σ1 .
As discussed in Subsection 6.2.2, the gridness scores were computed directly on the
dendritic weights and not on intermediate spike response plots. Certainly, the ongoing
plasticity of the weight distribution may introduce changes in the location of formed
grid fields. However, it was observed that once the fields formed, they remained
stable throughout the rest of the simulations except for subtle re-arrangement of the
fields. The increase of the gridness score over time time as depicted in Figure 6.9 and
the stability of the fields can be observed in the examples presented in Figure 6.11.
This means that although the cells were subject to persistent plasticity, the dendritic
weights stayed at their peak locations once the network formed pronounced grid
fields. Furthermore and although the cells were subject to continued competition
within the network, the fields only moved towards an improved packing of fields.
This is also expressed in the steady increase of the gridness score over time.
In addition to the gridness score, relative orientation errors between the cells
of each simulation were computed. Thereby it is possible to assess if the grid cells
are aligned or form random alignments to each other. Likewise the characterization
by Hafting et al. [135], the alignment of the dendritic weights of each grid cell was
assumed to be in the range from 0 to 60 degrees. Subsequently, the relative orientation
between cells was computed which gives results in the range from 0 to 30 degrees.
Finally, the average error of each simulation time-step was computed. The calculation
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Figure 6.9 – Competitive grid cell network, gridness score over time (400 simulations).
The data was computed using 400 simulations of a network of Ng = 3 cells with competitive
dynamics, Nd = 48 dendritic weights each, and σ1 = 0.10. The median and mean of the gridness
scores stay above zero after about 2.5 or 4 minutes, respectively. The standard deviation of the
gridness scores is comparably large, but may be due to numerical issues introduced by setting
values for small Ng and σ1 .

Relative grid orientation error (400 simulations)
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Figure 6.10 – Competitive grid cell network, relative orientation error over time (400
simulations). The first four minutes of data are cut off because an orientation could not be
computed with certainty. Over time, the median and mean of the orientation error approach zero
but stay at an approximately 2.5 degrees offset. So far it is unclear if the offset is introduced
by the network dynamics or numerical resolution of the auto-correlogram which was used to
compute the orientation.
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6.3 Competitive network model of grid cells

of the orientation error is described in detail in Appendix B. Orientation errors over
time for all 400 simulations are depicted in Figure 6.10.
Wall-offset orientations were automatically computed for all neurons using their
primary orientation extracted from their auto-correlograms. So far, a clear preference
for a specific value was not observable in the data. Some cells showed an alignment of
their weight fields in perfect alignment of the walls. Yet, most of the cells settled for
an orientation offset in the range from 5 to 12 degrees. However, results from visual
inspection and manual analysis for many simulations indicate that the weight fields
are subject to skewing and shearing effects near walls. Consequently, the orientation
of the fields along walls is slightly different to the orientation of fields in more
central areas of the arena. Examples for the skewing and wall-offset are observable in
Figure 6.11. In all simulations the response fields at the end of the simulations (timestep t = 180 min) appear to be slightly curved. The effect is especially prominent
in simulation 311 (top row), neuron 0 and in simulation 60 (middle row), neuron
2. However, further studies are required to characterize the effects and investigate
if the model indeed generates wall-offsets comparable to the findings presented by
Stensola et al. [337].
The average gridness score was above zero at the end of the simulations in all
simulations, and only in 11% of the simulations one single cells had gridness score
below zero. In addition, the mean gridness score reached a gridness of 0.0 after only
about 4.0 min of simulated time, and the median was permanently above zero already
after approximately 2.5 min. The median and mean gridness scores as well as the
standard deviation for all 400 simulations are depicted in Figure 6.9. The standard
deviation appears to be quite large but may be due to numerical issues discussed
previously and introduced by the small number of dendritic weights as well as the
receptive field size σ1 .
The evolution of dendritic weights of exemplary simulations with high, average,
and low gridness scores are depicted in Figure 6.11.

6.3.3 Discussion of the model and its results, predictions, and future
work
The angular error between neurons decreases over time, depicted in Figure 6.10.
Therefore, the network minimizes alignment errors and produces neurons with shared
Figure 6.11 (previous page) – Examples for the weight evolution and final autocorrelation maps. Each block displays a single simulation and displays the dendritic weight maps
with respect to spatial location of each of the three neurons at several time-steps. Furthermore, the
auto-correlograms of the weight maps after the final time-step are given. The auto-correlograms
include a black line from the center to the closest peak which was used for the computation of
the orientation (for details see Appendix B). The weight maps at the first time step (t = 0 min)
are the maps after the first location was presented to the cells. Thus they express altered weights
at the center of the map because the animal always started the exploration in the center of the
arena. The first block contains a simulation with a final average gridness score of 0.949 and
relative orientation error 0.000◦ , the second block has final score 0.589 and error 0.000◦ , the
bottom block has score 0.223 and error 3.339◦ . The numbers in the white inlays in each weight
map are the respective gridness score computed for the map.
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orientation. Thus, the competitive dynamics are able to generate modules of grid
cells with shared configurations. Furthermore, the cells express fields with phase
offsets such that the entire input domain is covered. As can be observed in Figure 6.9,
the fields form very early and the gridness score continues to increase over the
course of the simulations. Furthermore, the weight fields remain stable and move
only with a coincident increase of the gridness score. Thus, the dynamics presented
in Subsection 6.3.1 describe an optimization process which converges to hexagonal
arrangement of the weight fields.
The model postulates that the velocity of an animal contributes to the formation
of grid cells in form of a self-tuning learning rate and is based on the following
argument. The certainty to be at a specific location should be inversely proportional
to the running speed. For instance, an animal at rest is very certain about its current
whereabouts. However, this certainty should decline with increased speed. As linear
speed cells were found to exist in the mEC [195], speed information is indeed available.
The model however makes a strong prediction about the interaction between speed
cells and grid cells, as the learning rate of grid cells depends on the speed. This
modulatory effect is expected to be either facilitated via inhibitory inter-neurons
in such a manner that speed cells suppress currently active grid cells, or in a way
whereby future grid cells are more strongly supported by speed cell activity than
grid cells which are associated with temporally and spatially nearby locations. As
the mEC shows almost only inhibitory recurrent activity [70], it is more likely that
the modulation is facilitated using inhibitory feedback. Changing the impact of
speed from a non-linear contribution as defined by Equation (6.24) to a constant
value decreased the stability of grid fields in the model. This effect is therefore also
expected to appear in real rodents.
The model is independent of heading direction. Rather, grid cell responses depend
on the input space of spatially modulated pre-synaptic neurons. It is likely that this
space is spanned by head direction cells in combination with boundary information.
Thus, an elaborate model including intricate designs of the pre-synaptic neurons,
including head direction cells, will likely yield grid cells that fire more strongly with
respect to the head direction of the animal and less with the movement direction.
Therefore it is expected that the results observed by Raudies et al. [293] can be
explained in future studies and models which employ the necessary detail with respect
to pre-synaptic neurons.
The results presented above allow abstractions of the computations and algorithms
performed by grid cells. The hexagonal arrangement of grid cell firing fields can
be modelled as the densest packing of circular or particle-like sampling regions of
an input space. These particles need to interact in such a way that they are not
overlapping, but still as tightly packed as possible with respect to their on-center and
off-surround areas. In fact, it is postulated that optimal dense packing of particles
with soft boundaries are the reason for shearing effects as well as wall-offsets as
observed in biological data [337]. A computational model how multiple grid cells
can co-ordinate their sampling regions such that grid cell responses are aligned was
already suggested by Kerdels et al. [178]. In this study, grid cells are represented
by a GNG and sample from their input space similar to the method presented here.
Although the study focuses on spatial sampling and not on transitions, it shows that
the realignment issue of grid modules can be understood in algorithmic terms.
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An additional benefit of the abstraction of grid fields in form of elementary
samplers is the possibility to study requirements for the pre-synaptic representation.
In short, the pre-synaptic input space is required to present sufficient information
for a disambiguation between places. One likely candidate for such an input space
is examined in the preliminary results presented in Appendix C. Conclusively, it is
likely that grid cells inherit their metric information and accuracy from pre-synaptic
neurons and their corresponding sensory and representational resolution.
Pre-synaptic activity is required to be spatially modulated. It is therefore proposed
that boundary information is one of the primary inputs for self-organizing grid cells.
Boundary vectors have been successfully used in a model which describes place cell
firing fields [13]. Consequently, they are likely candidates for spatial discrimination,
which was assumed to be available as pre-synaptic input in the model presented
here. Preliminary results indicate that the boundary vector space allows to form
centralized, approximately hexagonal, sampling locations (see Appendix C).
Some abstractions which were used in the model limit its biological accuracy. For
instance, the currently employed winner-take-all mechanisms in combination with the
co-activation depression show only limited success to form hexagonal grid fields when
more than three cells are simulated. The cells express localized response fields, but
due to the non-graded absolute winner selection, only the winning neuron correlates
with the input. Furthermore, the co-activation suppression strongly decorrelates the
activity of neurons which are active at the same time. Though both mechanisms
are biologically inspired, they are not plausible. A hard winner-take-all mechanism
would require exceptionally fast recurrent inhibitory activity. And indeed, it was
observed that the HF is governed by inhibitory collaterals which operate in the
range of milliseconds [86]. It is also likely that this observation will be made for
the mEC. Nevertheless, the small time window between feed-forward excitation and
recurrent inhibition may be sufficient to let grid cells organize with overlapping fields.
Thus, a model based on neurons with non-linear temporal dynamics, for instance
a Leaky-Integrate and Fire (LIF) model in combination with STDP, is likely to be
provide overlapping responses.
Future models and electrophysiological recordings have to investigate the receptive fields of grid cells more rigorously. The receptive fields of dendrites were
assumed to be perfectly circular in the results presented here. Furthermore, neural
activity is computed simply by summation of activity of pre-synaptic states and the
corresponding dendritic weights. However, it is expected that the receptive fields of
the dendrites of grid cells express complex interactions with the tuning curves of
pre-synaptic neurons due to the individual tuning of each dendrite. Furthermore,
pre-synaptic spike characteristics, for instance if the pre-synaptic neurons are bursting
or not, may have an influence.
The results presented here are used in Chapter 7 to develop an abstract model
of the interactions between grid and place cells. The model is used to examine
computational consequences of the transition encoding which, in turn, leads to
discrete scales and the proposition of a scale-space model of grid cells.

73

Chapter 7
Algorithmic exploration of the entorhinalhippocampal loop
Chapter 5 formally introduced MTT. Furthermore, the optimal technique to store
arbitrary transitions in a MTS was analyzed. Subsequently, optimal encoding was
deduced for metric spaces. One of the main results was that, given an optimal
sampling process for a continuous metric space, the minimal number of encoders
to store transitions in an infinite space is finite. The ideal arrangement of encoders
is hexagonal for the two-dimensional case. Using these theoretical observations, a
biologically plausible model for grid cell firing was derived in Chapter 6. Simulations
showed that a competitive network of grid cells arranges hexagonal firing fields as
a result of dendritic tree computation, even when the input space is arranged suboptimally, i.e. non-hexagonally. Now, these results are used to develop an algorithmic
perspective for the interactions between place and grid cells.
First, a universal MTS M is considered. In such a system, temporal transitions
are learned during explorative or goal-directed navigation. The system is described
algorithmically to introduce required concepts and abstractions. Then, spatial transitions are incorporated and the combined spatio-temporal system L contrasted to
the temporal setting. Subsequently, the spatio-temporal system is examined in the
light of behaviorally significant issues. To solve these issues, a scale-space encoding
of transitions is introduced. It is argued that,
√ in the optimal case, the scale-space
representation exhibits a scale increment of 2 with respect to grid field radii and grid
field periods for consecutive scales. As consequence of the computational properties,
a novel functional hierarchy of the entorhinal-hippocampal loop is suggested. The
terms spatial symbol (neuron) and place cell, and spatial transition (neuron) and grid
cell, are used synonymously throughout the text.
During all these steps, biologically rigorous modelling is sacrificed in favor of
abstract methods. It is believed that the algorithmic interactions between different
areas which are responsible to learn and recall transitions for goal-directed spatial
navigation can be expressed easier without involving non-linear neuro-dynamics.
Therefore, the subsequent sections will use the following simplifications. Both grid
and place cells are assumed to form independently on the basis of optimally sampled
spatially modulated input, e.g. boundary information. Furthermore, it is assumed that
the grid cell response formed already and is arranged hexagonally. Other potential
afferents for the formation of place cells, for instance odors, will be ignored.
Certainly, the simplifications make this chapter more speculative with respect
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to biological implementations. The abstractions introduce inaccuracies and issues,
especially due to discretization. The chapter thus concludes with a detailed discussion
about the biological plausibility of the proposed model, propositions about functional
properties of certain neurons, and relations to observations made in real recordings.

7.1 The Universal Multi-Transition System as Growing
Neural Gas
Cuperlier et al. previously presented a biologically plausible model of a temporal
transition system [73, 74, 146]. Their system modelled several cells of the HF, for
instance place and presumed transition cells, and was tested in a robotics scenario.
While moving through an arena, the agent learned places, transitions, and the
associated motor commands from one behaviorally relevant location to another [73,74].
With the help of RL, rewards were propagated along the transitions from one location
to another. Given sufficient exploration, the agent was able to compute multiple
trajectories to target locations. Due to the reward accumulation by RL, the agent
was also able to select the trajectory which maximized the reward [146]. Furthermore,
the system was capable to recover from the kidnapped robot problem during which
the agent is relocated to an arbitrary place. Afterwards, the robot had to either
drive back to its previous location or continue with its previously assigned task. Both
situations required that the robot was able to assess its location based on memory,
and find suitable trajectories to the objective.
The algorithms presented in this and the following sections are reduced in
scope due to the previous work by Cuperlier et al. [73, 74]. Namely, only the steps
to determine if a trajectory from a start to a goal location exists are included.
Furthermore, acquisition of novel transitions and places using involved cell types are
incorporated. Selection of a winning trajectory , e.g. based on some reward signals,
is left for future work. Despite this cutback in functionality, behaviorally significant
computational issues emerge which will be addressed. For this purpose, a temporal
transition system for a virtual agent will be presented to introduce fundamental
ideas of the algorithms in this section. They are used to provide intuitive access to
the parallel execution of parts of the methods. The subsequent sections then extend
the model by spatial representations in one and multiple scales.

7.1.1 Model and implementation details
In the context of spatial navigation, the MTS M as defined in Chapter 5 stores
temporal transitions between spatial symbols. Thereby, arbitrary temporal transitions
between locations can be learned without access to specific metric information. The
only requirement is the detection of a change of location, for instance due to a change
of sensor representations.
The MTS M consists of two main sub-modules, both of which are subject to
a learning procedure. Spatial symbols are stored in the ANN Σ , and temporal
transitions in the ANN Π . The typography, i.e. a character within box, is chosen
such that the relationship to the corresponding theoretical modules from MTS is
immediate, but differentiation between MTS and the implementation itself is feasible.
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PFC, Motor Cortex, etc.

Σ

Π
M

Figure 7.1 – (Temporal) transition model. The set of active symbols from alphabet Σ are
implemented as a Growing Neural Gas (GNG) which forms an auto-associative memory, whereas
the set of transition bundles Π can be considered a hetero-associative network. Both combined
form the MTS M. The system is indirect recurrently connected and can receive external input
from and send output to other modules, e.g. PFC and motor cortex.

Thus it is possible, for instance, to address the set of symbols Σ and simultaneously
discuss the network Σ which acquires and maintains these symbols.
A recruiting process borrowed from GNGs is used to learn symbols [113, 231].
As opposed to most ANNs, a GNG does not required pre-definition of the number
of neurons and connections but recruits these as soon as they are required. The
generation is usually triggered by some event or error measure which indicates that
the already established neurons cannot represent a novel input datum. Thereby,
GNGs exhibit principles of self-organization and emergence.
In contrast to regular GNGs which gradually modify weights, a one-shot learning
rule with binary weights wi , i.e. wi ∈ {0, 1}, is used during acquisition of temporal
transitions. Furthermore, pruning of neurons, as may happen in regular GNGs, is
omitted. The one-shot learning process used in the algorithm is inspired by the
results of others and their work concerning associative memories [181, 183, 269]. As
long as there is no change in location, the currently active neurons in Σ remain
active. Thereby, Σ can be considered to form an auto-associative memory. On the
other hand, the functionality of Π follows the concept of hetero-association. An
overview of MTS M is depicted in Figure 7.1. Potential links to and from other
modules such as an artificial PFC or motor cortex are drawn. However, exploration
of their impact are left for future work except for the following assumption. PFC
supervises the state of active symbols for decision making, e.g. it selects starting
locations, monitors if target symbols become active, or to cancel an operation.
Learning of new symbols is triggered by new locations and happens in the following
manner. In case that the virtual agent perceives a sufficiently novel location at time
step t, a new neuron pt is generated and connected to the current location xt . In the
model presented in this section, novelty is detected by the distance of all neurons
to location xt , i.e. novelty is given if d(xi , xt ) ≥ dthresh = 0.1 m for any neuron pi in
Σ and associated location xi . Thus, each neuron pi in Σ corresponds to a spatial
symbol and is associated with the symbol coordinate xi ∈ R2 . The network uses a
winner-take all mechanism to select the nearest neighbor for an input location by
computing the distance of each xi to the current location xt . Thereby the neuron

77

78

7. Algorithmic exploration of the entorhinal-hippocampal loop

Figure 7.2 – Algorithms for learning and retrieval in a temporal transition system M.
The left hand side of the figure shows a flow chart of the algorithm used during learning. Novel
place cells are recruited if the already acquired cells cannot properly represent the input state
xt . The retrieval of a trajectory is depicted on the right hand side. A transition in Π will only
become active if the symbol for which it is defined is active in Σ . Note that the algorithm allows
multiple symbols and transitions to become active at the same time.

which represents the closest location to xt will express the highest activity. As soon
as the currently active neuron in Σ changes, the transition is learned in Π . Thereby,
Σ corresponds to the set of symbols Σ and Π to the set of transitions Π. Each
neuron in Π preserves directional information, i.e. given a transition A → B it will
not learn B → A. Hence, the network learns transitions only through the indirection
layer of Π . The overall learning procedure for one time step of the simulation is
depicted on the left hand side of Figure 7.2.
During retrieval, any neuron p0 which corresponds to the starting location becomes
active in Σ . Subsequently, the recurrent network is iterated until any neuron becomes
active in Σ which corresponds to the target location, or until a maximal number of
iterations is reached. Note that the procedure can yield multiple valid sequences of
symbols. Furthermore, multiple symbols are allowed to be co-active simultaneously
during one iteration, thereby expressing parallelism of computations. Neurons which
are active during one iteration cannot become active immediately in the next iteration.
A flow chart of the retrieval is depicted on the right hand side of Figure 7.2.

7.1.2 Simulation and results
To demonstrate proof-of-principle, the virtual agent was initially moved on an
S-shaped trajectory in a square environment (see Figure 7.3a). Meanwhile, the
agent learned several places and temporal transitions from one place to the next
(Figure 7.3b) according to the procedure described above. Note that the agent only
acquires knowledge about temporal transitions, but not about spatial distances. After
activation of the starting neuron, M reconstructed the entire trajectory. Figure 7.3
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(a)
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(b)

Figure 7.3 – S-shaped trajectory and replay. (a) S-shaped training trajectory for the replay
experiment. (b) Spatial symbols were created after a minimum distance of dthresh . The symbol
centers are depicted as black dots, the transitions between symbols as black lines.

shows the trajectory as well as the spatial symbol centers and transitions.
Subsequently, the virtual agent explored the environment with movement statistics
similar to real rodents for 20 min(Figure 6.8). Thereby, the agent learned novel
locations and transitions. After this additional exploration phase, the network was
queried again to recall a trajectory from start to target. As shown in Figure 7.4, all
feasible trajectories were explored in parallel. This is visible in form of a wave of active
symbols propagating through the network. The number of iterations required to
assess the existence of a trajectory dropped from 22 after learning only the S-shaped
trajectory to 6.
t0

t1

t2

t3

t4

Figure 7.4 – Pre-play activity within the network after exploration learning of additional
transitions at several time steps. Given a start symbol (blue circled symbol in lower left),
recursive invocation of the retrieval procedure activates all symbols in Σ (black dots) and
transitions in Π (edges between dots) until the target symbol (red circled symbol in the top
right) is found. Inactive symbols and transitions are marked in gray, active ones in black. Each
panel represents one iteration of the entire temporal transition system from start (left) until it
found the target (right).

7.1.3 Brief discussion of the temporal transition system
The learning procedure generates a connected graph of symbols. However, edges of
the graph are given by indirections via transitions. This can be seen immediately in
the visualizations given in Figure 7.3 and Figure 7.4. There, each spatial symbol is
represented by a black dot and temporal transitions as lines between the dots.

t5
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The network is able to learn and retrieve trajectories by using only the algorithms
presented. What makes the algorithms especially appealing is their simplicity and
the inherent parallelism for retrieval of multiple potential goal-directed sequences.
This parallelism is demonstrated in Figure 7.4.
Learning of novel temporal transitions and locations by exploration reduces
existence queries of trajectories significantly. However, the model presented here as
well as any model based only on learning temporal transitions has a serious drawback.
Consider the S-shaped trajectory used during the first trail. The shortest distance
from start to goal in an open arena would be to cross the arena. As there is no
notion of vicinity within the system except through temporal ordering of consecutive
locations, the agent has to cover the entire input space to learn feasible shorter
routes though. Thus it cannot compute any shortcuts. One possible solution is to
incorporate spatial knowledge [99, 100], and perform look-ahead [200]. Both will be
addressed in the following sections.

7.2 A scale-space model for spatial navigation
A navigating agent equipped with sensors to perceive its environment not only
detects temporal transitions from one place to another. In correspondence with
its own movement, spatial transitions between locations occur. To include spatial
transitions, the algorithms of the previous sections are extended as follows.
The proposed model of entorhinal-hippocampal interactions is depicted in Figure 7.5. In addition to the temporal transition system M, spatial transitions are
stored in an MTS L. Its entirety, i.e. the combination of M and L is denoted as
the spatio-temporal transition system P. As discussed in Chapter 6, L it is thought
to organize due to afferents which can uniquely identify singular locations. There,
spatially modulated input was arranged in a regular square grid. The sampling
process lead to hexagonal response fields of grid cells, which used spatial sampling in
dendritic computations. It was discussed that boundary vector information forms a
likely candidate for input representation, as it was used previously for recruitment
of place cells [13]. The module responsible for the spatial representation is denoted
as ∆ . Note that the module will operate directly on global coordinates in the
algorithms presented below. Future work will address this issue and incorporate an
elaborated neural network for spatial identification, e.g. based on the boundary vector
cell model by Barry et al. [13]. It is believed that a detailed model is not necessary
for the examination of interactions and observation of computational issues presented
here, though. L is implemented similar to M, i.e. a GNG Γ recruits neurons to
store spatial transitions between locations. However and in contrast to Π , Γ not
only associates with neurons of Σ . It also requires driving input from its sampling
process during learning, represented as the arrow from ∆ to Γ . The learning and
retrieval procedures will be described in detail below in Subsection 7.2.2. In summary,
the agent learns spatial transitions from its current position to locations in the
neighborhood in addition but independently to temporal transitions. On retrieval,
the two systems simultaneously retreive possible trajectories.
Given sufficient exploration of an environment, the temporal and spatial transition
system described here yield approximately the same results for the computation
of a trajectory. Each system individually has its benefits from a computational
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∆
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Figure 7.5 – Combined spatio-temporal transition model. The temporal transition model
of Figure 7.1 is extended by spatially modulated input ∆, which is for instance based on a
boundary vector state system. The simulations use a coordinate system for ease of computation,
though. Spatial transitions are stored in module Γ. L and M can operate independently of each
other, their combination forms a spatio-temporal MTS. The dashed line indicates a necessary
correspondence of spatial and temporal transitions.

perspective, though.
The spatial transition system provides a benefit when solving issues related to
loop-closure. These problems are concerned with the detection when a location is
re-observed. Consider an agent that walks on a circular trajectory in which the start
and goal locations are spatial neighbors as depicted in Figure 7.6a. Using only a
temporal transition system, the agent always returns the entire trajectory if asked
for the shortest path from start to goal. As it is unaware of the spatial relationship
between the start and the target location, it cannot find a shortcut. Given a system
to learn spatial transitions to the neighorhood of perceived locations, the agent is
able to determine that the goal location is in the spatial neighborhood of the start
location.
Learning a spatial neighborhood in a biologically plausible network could be
achieved by recurrent drive. This assumption is based on observations made in
the model to examine the STDP decorrelation hypothesis in Chapter 6. There,
recurrent activation from transition neurons was able to drive neurons which were subthresholdly stimulated before to their spiking threshold. Thereby, transition neurons
learned and increased weights to neurons which represented related information.
Thus, it is assumed that place cells which are inactive but closeby are likely to get
activated by a spatial transition system. Note that there may be a restriction of
learning spatial neighborhoods due to the necessary temporal co-activation of place
and grid cells. This issue will be addressed further below.
Using only a spatial transition system has a significant drawback. As visualized
in Figure 7.6b, the spatial transition system may not be able to retrieve a temporally
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Figure 7.6 – Example for temporal, spatial, and spatio-temporal transition computation.
(a) Given a circular trajectory (black line) from start s (green circle) to goal t (yellow circle), a
temporal transition system only learn immediate transitions from one location (blue circles) to
the next. On recall, the system reproduces the whole sequence. (b) A spatial transition system
learns transitions in form of spatial neighborhoods. The system does not learn a sequence of
visited places. A spatial symbol is indicated as hexagon, its neighborhood are the surrounding six
hexagons of each spatial symbol. The blue circles are the places of (a) overlayed on the spatial
information. In the algorithm, places are associated with their closest spatial symbols. On recall,
the spatial transition system is potentially able to find a short-cut. Depending on the trajectory,
the system is not guaranteed to reproduce a temporally coherent sequence, though. (c) The
combined spatio-temporal transition system is able to reproduce the real sequence of places.
Furthermore it can find shortcuts in a spatial neighborhood.

coherent sequence of locations. In the depicted example, the spatial transition system
learned neighborhoods along the original path (superimposed on the image by blue
circles). However, when queried for a path from start to target, it will report the
shortest path. Even if there was no immediate short-cut from start to target, any
transition to neighbors is equally likely. Thus, the spatial system will report multiple
viable trajectories but not reproduce the original temporal sequence. Therefore a
temporal transition system is necessary for the purpose of learning and retrieving an
actually performed sequence of steps.
There are two main reasons to suggest a separation of spatial and temporal
transition systems. In case that multiple viable trajectories are returned by the
system, a winning trajectory should be selected by the agent. For this purpose, the
agent has to record the sequence of locations and actions that it actually performed
as well as any reward that it received while doing so. Thereby, a binding of motor
action and rewards has to occur. The binding can be implemented in a biologically
plausible manner as demonstrated by Hirel et al. [146]. The authors suggest that
the binding occurs in temporal transition neurons, which store motor commands
and rewards. They argue that the reward signal arises due to dopaminergic neurons
between striatum and substantia nigra pars compacta (SNc). The latter is part of
the substantia nigra, which is located in the midbrain. Furthermore they argue that
connectivity across the lateral hypothalamus could transport reward signals from
SNc to the Hippocampus.
The second reason for the separation is due to considerations of fault tolerance and
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abstraction, and uses a perspective from computer science. If the spatial and temporal
transition systems were merged into one singular system, any change to the sensory
representation would likely affect the internal representations of transitions and,
thereby, the reconstruction of temporal sequences. On the other hand, a separation
of spatial and temporal transitions allows grid cells to act as mediator between
sensory states, place cells, and keeps spatial information separate from actually
performed sequences. This is similar to abstraction layers and design patterns known
and widely-used in Object-Oriented Programming (OOP) [119]. Only the sampling
process, which was suggested to be a dendritic computation performed by grid cells
in Chapter 6, has to adapt in the case that the sensory representation changes. The
spatial neighborhood information encoded in the connectivity from grid to place cells
remains stable. Furthermore, a single sensory representation can be used via grid
cells in multiple configurations of place cells. Thus, a modularization of temporal
and spatial transitions is suggested to increase representational capabilities and fault
tolerance.

7.2.1 Multiple scales and the algebraic number

√

2

Recall one of the primary computational tasks of the spatio-temporal MTS P. The
goal is to compute the existence of one or more viable trajectories from a start to a
target location and select the most appropriate one. Alas, the spatio-temporal MTS
presented above has two behaviorally significant issues.
Consider an animal that wishes to compute a linear path from a start s to a
target t. Let the activation of symbol and transition neurons require 5 ms each due
to axonal delays. This means that neurons corresponding to subsequently possible
locations will activate only after 10 ms. Furthermore, let the distance between start
and target d(s, t) = 200 m and let a transition between spatial symbols cover a
distance of approximately 10 cm. It is required to iterate the entire transition system
about 2000 times until the target is found. Hence, the total time to query just the
existence of a trajectory already takes approximately 20 s. Certainly an amount of
time in which the animal falls an easy victim to predators. The problem is further
amplified when trajectory selection is included, for instance by reward propagation.
An acceleration technique is clearly required.
The second issue is closely related to the first. In the example with the circular
trajectory of the previous section, local neighborhood information provided by grid
cells improves the time to travel from start to goal significantly and can lead to
shortcut detection. However, a problem arises as soon as the start and the end goal
are not immediate neighbors. Larger distances cannot be interpolated, and thus
discovery of novel shortcuts is limited.
One reasonable candidate of acceleration is to perform some form of look-ahead.
Instead of only computing transitions of immediate temporal neighbors, the system
could also learn transitions across several temporal distances. Furthermore, spatial
look-ahead could be performed in unison to temporal look-ahead. Recall that grid
fields are proposed to be result of dendritic computations of grid cells, i.e. to
detect a transition from one location to another, they have to be able to detect
locations. Consequently, the response fields should increase when spatial look-ahead
is performed. It is thus necessary to first define the sampling mathematically and
discuss the meaning of the size of a sampling process to describe look-ahead properly
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and determine the ideal increment of grid field sizes.
On the smallest scale, the transition system has to distinguish two consecutive
spatial locations both for temporal as well as spatial transition coding. Certainly
the resolution of a spatial sampling process cannot be made arbitrarily small in a
finite system and is likely associated with uncertainty. The spatial sampling process
is therefore modelled as a normally distributed Probability Density Function (pdf),
resembling the finding that tuning curves of sensory neurons often express a bellshaped form [43, 168]. Furthermore, it is assumed that a dense sampling arrangement
is available as discussed in Chapter 5 and Chapter 6. The pdf is defined as a Gaussian
function, formally
G(x; µ, Σ) =

1
(2π)

n/
2

1/
2

|Σ|

 1

exp − (x − µ)T Σ−1 (x − µ) .
2

(7.1)

The function is parametrized by mean µ and an n-dimensional co-variance matrix
Σ. T denotes the transpose of a vector or matrix, and −1 indicates matrix inversion.
Choosing a Gaussian function has several benefits which will be discussed later.
The resolution of the sampling process is expressed by Σ and depends on the
number of samplers available and the size of the space that has to be sampled. The
concept of a smallest feasible resolution can be denoted as follows.
Definition 5 (Eigenresolution). The eigenresolution is the minimal resolution of a
transition system and is characterized by the covariance matrix Σeigen . In the case
of a rotational symmetric receptive field, Σeigen = σeigen I.
Different transition systems may expose independent eigenresolutions. It appears
unlikely that an animal requires accurate measurements in the millimeter range for
path planning during spatial navigation. Rather, the resolution is assumed to be
limited within the approximate size of the animal itself. In other systems where
higher or smaller accuracy is necessary, this number may change accordingly.
Temporal transitions can be understood to form an ordered list of data. Due to
the temporal distance based on spatial sampling parametrized by Σeigen , any two
consecutive items in the list are approximately equidistant in time. From computer
science it is known that the asymptotically optimal search strategy for such data is
binary search, which will improve time to search exponentially [185, 6.2.1]. Hence
temporal distance should increase by a factor of 2 to gain exponential speedup and
thereby provide optimal temporal look-ahead.
In the worst case of a linear path, temporal and spatial transitions coincide. Thus,
the optimal search strategy for spatial look-ahead follows the result for temporal
look-ahead. Thereby, the spatial sampling process for spatial look-ahead has to
adapt accordingly to recognize the combination of two locations. It is noted that
the following derivation considers exclusively the on-center portion of one receptive
field of the suggested grid cells. Note however that it is assumed that the entirety of
receptive fields can be modelled as a stitching together of Laplacian of Gaussians
(LoGs) (also known as Mexican Hat functions), but this will be left for a future
study.
To construct spatial look-ahead, two consecutive locations have to be merged.
They are represented by the two corresponding sampling processes, modelled as normally distributed pdfs and parametrized by µ1 , µ2 , Σ1 , and Σ2 . Note that combining
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Figure 7.7 – Scale space construction and multi-scale response fields. (a) The convolution
of the response of two spatial samplers (black curves) forms the spatial sampler of the next scale
(red curve). The convolution is indicated by the arrows and the asterisk symbol. (b) Transition
cells respond at the same time as their spatial sampling process (black curve, first scale). However,
they must decorrelate from immediate perceived neighbors on the scale (black dashed curve)√to
fulfill the constraints given by MTT. Every subsequent scale has receptive fields which are 2
times larger√than the previous scale (red and blue curves). Also, their spatial period increases by
a factor of 2. The distance between periods are depicted by the bars above the curves.

distant locations would violate the coherency constraint of MTT. Merging of spatial
samplers corresponds to the convolution of the two pdfs. The novel coordinate system
is centered between the previous two locations by construction (see Figure 7.7a).
It can be shown that convolution of two n-dimensional normally distributed pdfs
results in another n-dimensional normally distributed pdf with combined mean
and co-variances, i.e. µ = µ1 + µ2 and Σ = Σ1 + Σ2 (see for instance the supplementary material to Vinga et al. [368] which presents the entire derivation of the
multi-dimensional mean and variance). Given the assumption of uniform samplers
and symmetry in two dimensions on the smallest scale, i.e. Σ1 = Σ2 = Σeigen and
Σeigen = σeigen I, it follows that the variance σ 2 of a sampling process for spatial
look-ahead is σ 2 = 2σeigen 2 . Thereby the integration area of a spatial sampling
process which integrates two locations is twice as large as the integration area of
the
√ previous scale. It also means that the radius of the on-center field increases by
2. The off-center area, which corresponds to the feasible target region of a spatial
transition, increases accordingly. The densest packing of the center-surround fields of
a transition neuron remains optimally
at a hexagonal arrangement, however their
√
spatial period is increased by 2 according to the increase of the spatial sampling
process (see Figure 7.7b).
So far, one additional scale was formed by combining two spatial transitions
from the previous (smallest) scale. In accordance with binary search for temporal
look-ahead, the method is applied recursively to form consecutive spatial scales. The
result is a discrete increment in grid field sizes which show twice the integration
√
area, and an increase along each dimension and thus their period by a factor of 2.
The increment is visualized in Figure 7.7b. Data suggests that grid fields indeed
increase along the dorso-ventral axis [336].
√ Interestingly, the observed field sizes were
discretized by a factor which is close to 2 when comparing two consecutive scales.
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7.2.2 Simplified model and results
The theoretical results obtained above were simplified further to demonstrate proofof-principle. The arrangement of spatial samplers was pre-defined to be arranged
hexagonally and form Voronoi cells. Thereby, the cluster region of a sampler is also
hexagonal. Furthermore, the spatial sampler which is closest to the current location
is thought to represent the input space the best according to a winner-take-all
mechanism. Hence, the space in which the agent navigates is already discretized
according to the hexagonal arrangement.
Due to the absence of additional afferents, the spatial sampling process was used
to detect spatial as well as temporal transitions and also to recruit place cells. In
contrast to the temporal transition system M of Section 7.1, the recruiting process
of place cells depended on the activation of a spatial sampler instead of directly
measuring distance within the abstract place cells. In other words, as soon as a
spatial sampler was activated in ∆ , the best matching unit in Σ was determined.
If the activity was below a certain threshold, a novel neuron was recruited. Although
the activation of the samplers themselves were computed as Euclidean distance and
the threshold set to a distance of 0.05 m for the purpose of simplification of the
model, the place cells were thereby independent of the underlying metric. Hence
the model could be altered by exchanging the computation of activity as a result of
Euclidean distance to neural activation, for instance given by boundary vector input.
The spatial sampling centers√were used to form grid cells in multiple scales.
The scale increment was set to 2 according to the theoretical results described
above. Note that the discretization and pre-computation of grid fields has several
numerical issues. To examine their impact, the grid fields were arranged such that
parts of the S-Shaped trajectory, already used in temporal transition system M (see
Figure 7.3), fell on the apex of intermediate sampling clusters. This meant that the
agent’s perceived location, which was represented by the discrete sampling process,
was prone to jump vertically up- and down according to the sampling centers while
the agent actually moved only horizontally. Note that these effects are the results of
the simplifications introduced here, primarily the discretization. It is expected that
an elaborate model involving non-discretized sampling fields is unlikely to produce
similar artifacts and will be subject of future studies. It is believed that the discretized
variant suffices to demonstrate proof-of-principle, though.
Figure 7.7 illustrates the learning algorithm of the scale-space model during
exploration. Note that acquisition of place cells and temporal transitions is similar
to the algorithm used in M, however presented here in a way which allows multiple
simultaneously active place cells pt ∈ Pt . It is further extended such that place
cell activity is buffered in a temporal buffer structure. Buffering is required during
acquisition of multiple scales of spatial transitions because the transitions are only
learned if their corresponding spatial afferents are in a suitable integration window.
Consider a single grid cells. It is selected as best matching unit during the winner-takeall selection process according to the sampling center ct with the highest activity in
combination with pre-synaptically active place cells (if any). Inspired by descriptions
of synaptic circuits [323], the co-activation used here is formed by a simple logical and
operation. Recall that place cells are recruited by the spatial sampling process on the
smallest scale, though. Thus, a grid cell on larger scales expresses on-center regions
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Figure 7.7 – Algorithm for learning transitions in a spatio-temporal transition system P.

which may cover multiple place fields. Learning is therefore modelled according to
the following process. Any place cell pt ∈ Pt which is co-active with gt is correlated
with gt . In contrast, any place cell pt−n which was in a suitable previous temporal
window and co-active with a previous grid cell gprev will be decorrelated from gt . Note
that in the presented simplified model, the correlation and decorrelation mechanism
reduces to a binary operation of tagging a place cell to be co-active with either
one grid cell or another. Spatial transitions are stored as a logical and connectivity
between any previously active place cell pt−n and the previously active grid cell gprev
alongside any currently active place cell pt . The suitable temporal window to select
pt−n for the acquisition of spatial transitions depends on the scale. On the smallest
scale, only immediate
temporal neighbors are considered. Due to the spatial scale
√
increment of 2, the number of place cells in the suitable time window increases by
1 for every next scale. The learning procedure is drastically simplified in order to
omit explicit modelling of potentially non-linear temporal dynamics of grid cells and
their temporal integration windows. Nevertheless it is believed that it captures the
algorithmic effects of temporal integration sufficiently well. A model involving STDP
and spiking neurons to examine biologically accurate transition learning is currently
in development but will be left for future work.
Retrieval of trajectories is performed as visualized in Figure 7.8. Note the difference
to learning. Spatial transitions are only learned when both the location is within a
spatial cluster as well as when it happened in the temporal integration window of the
corresponding grid cell. Thereby, spatially adjacent locations will not automatically
learn a spatial transition if there is no temporal correspondence. This is another
severe simplification of a learning rule which depends on spike timings, but suffices

87

88

7. Algorithmic exploration of the entorhinal-hippocampal loop

Figure 7.8 – Algorithm for retrieval of transitions in a spatio-temporal transition system
P.

for demonstration purposes. Furthermore, learning will associate place cell activity
with a sensory representation according to co-activation learning, which is expressible
as a logical and operation. During retrieval, a spatial transition from one place cell
to another requires the co-activation of the previous place as well as the activation
of the grid cell which is associated with the previous place. However, activation of
grid cells happens for any previously active place cell, which corresponds to a logical
or operation. In other words, place cell activity can drive grid cells without sensory
inputs during retrieval. If not stated otherwise, learning of transitions is continuous
during retrieval. The reason is that retrieval may generate novel sequences of spatially
adjacent locations which were previously restricted by temporal progression.
The following protocol was used to observe the impact of the scale-space representation and of continued learning during replay. The S-shaped trajectory was
presented to P once to initially learn places and transitions. Afterwards, the system was queried to reconstruct the entire trajectory while learning was turned off.
Then, the trajectory was replayed. During replay, future places were allowed to be
pre-fetched and stored in the temporal buffer. In contrast to exploration, replay was
based only on spatial and temporal transitions, i.e. successive activation of spatial
symbols without access to true sensory states. Subsequently, the system was queried
again to record if replay lead to the detection of novel transitions, and thereby
potential short-cuts. In addition to these two settings, the impact of the temporal
buffering was examined. The learning and retrieval strategies were repeated, but the
temporal integration window was ignored during the learning.
The results of the protocol, which results in a total of four configurations, are
depicted in Figure 7.9. The network learned 38 places on the S shaped trajectory
from start to goal, which resulted in 37 iterations of the entire system until the
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Figure 7.9 – Computational times of the scale-space model. The model was applied with
varying number of scales to an S shaped trajectory, for which 38 individual place cells were
created. The black bullets are the number of iterations (ticks) until the target location was found
using only spatial pooling. The red squares are the ticks required when spatio-temporal correlation
was taken into account. Solid lines indicate data after one-shot learning. Dashed lines indicate
the results when one additional training was used during which place cell replay was induced by
grid cell activity.

.
target was found when only temporal transitions were acquired. The first grid scale
was without impact on the computational performance if the temporal window was
enabled. When temporal buffering is ignored, already the first grid scale improves
computational performance. Further scales improve computational times according
to an exponential decay in the number of iterations required until the target was
found.

7.3 Discussion, observations, predictions
In the following, general remarks on the model and its results will be stated. Subsequently, some of the results are examined in more detail with respect to biological
findings and relationship to other fields of research. Finally, an outlook to currently
ongoing and future work is given.
The integration area for spatial look-ahead on large scales does not necessarily
√
correspond to the temporal look-ahead due to the optimal scaling factor of 2.
This can be observed in Figure Figure 7.7b. There, the blue line corresponds to the
second spatial look-ahead scale. Intuitively, it could be assumed that it integrates
four locations. However, the integration area covers only three consecutive locations
due to the optimal construction of the scale. This observation leads to consequences
for learning multiple spatial scales. All locations in a sequence have to be buffered
temporally to allow consecutive access to form the spatial scales in case that learning
is based on associative learning without random access to previously learned locations,
e.g. via an STDP learning rule and co-activation of neurons. Conversely, the number
of scales which can be learned in such a manner depends on the number of elements
in the temporal buffer.
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The emerging pyramid of the spatial sampling process described in Subsection 7.2.1
can be understood in the following way. A singular location is represented on the finest
resolution by spatially modulated neural activity, for instance boundary information.
Sampling from this representation on the smallest scale corresponds to an identity
operation. The state of activity can be understood as a spatial descriptor, as it
represents a single location. The target region of the transition is also characterized
by spatially modulated neural states, thereby forming a spatial descriptor for an
entire region. To construct additional scales for spatial-look ahead, the descriptors
are low-pass filtered according to a convolution operator by which detailed structures
represented in the neural state are removed. The smoothed descriptors on larger
scales allow to perform location comparison and thus transition prediction and
look-ahead on distances which increase according to optimal search. Consequently,
computational run-time for trajectory planning is sped up exponentially.
The described method of Subsection 7.2.1 and interpretation presented here
is the construction of a Gaussian pyramid (or Laplacian pyramid when receptive
fields are assumed to be LoGs), well-known in the signal and image processing
communities [213, 215, 385]. There, scale-space theory was developed to improve
image understanding [216, 219], compression [8, 41], and modelling of retinal or
visuocortical receptive fields [19, 120, 392]. The approaches operate according to
the following principle. Coarser scales represent an original signal by reduction of
complexity and simplifications of structures embedded in the signal [187, 213, 385]. In
image processing, this corresponds to smoothing – or generally speaking filtering – an
image, thereby low-pass filtering it and removing fine-scale information. According to
Lindeberg [214], Gaussians and their derivatives are suitable convolutional operators
to form a scale-space representation. They invariant to several transformations, e.g.
rotation, do not introduce local minima or extrema during the convolution. The
latter could lead to erroneous behaviors. Reduction of details of the input signal
is essential to allow feature detection across multiple scales [220]. Certainly, this
sounds appealing for spatial navigation. To improve computational performance or
find shortcuts, spatial and temporal neighborhoods have to be determined over larger
distances.
In computer science, subdivision of dimensions and operation on simplified
representations is a common practice to speed up computations and were often proven
to be optimal for their respective task. For instance, kd- [20], quad- [108, 158], and
octrees [267,310]are tree data structures to exponentially speed up performance when
searching spatially arranged objects. The suggested mechanism expressed by grid cells,
though similar to such tree data structures, has the benefit that it does not require a
global coordinate system. The low-pass filtering and sub-sampling of spatial responses
as well as the detection of transitions on approximately scaled representations of
locations is proposed to yield local estimations of spatial neighborhoods. This can
also be understood in the following compatible way.
Consider a graph theoretical notation for symbols and transitions. In such a
notation, symbols correspond to vertices in a graph, and transitions are represented
by edges between the symbols. Temporal transitions give rise to edges which form a
temporal sequence. Spatial transitions allow to also store local out-bound transitions
from one symbol to another. Furthermore, the introduction of multiple scales allows
to additionally connect each symbol to other symbols which are further away than
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just the local neighborhood. In other words, each symbol has the capability to
participate in transitions on larger scales. Only local knowledge and similarity of
the symbols are required to introduce the links, no global information about the
exact location of each symbols is necessary. Consequently it is proposed that the
hippocampal-entorhinal loop forms a scale-space MTS, expressed by the activity of
place and grid cells. The cells thereby form a topological space, suggested already
in [75, 76, 149].
The results show that a scale-space representation of spatial transitions leads to an
exponential improvement of computational times. Note that the S-shaped trajectory
is almost linear on smaller scales, i.e. almost no perceivable bends or curves appear,
which is considered to be the worst case scenario for the described technique. As soon
as non-linear segments appear, or when the scale is increased sufficiently, shortcuts
around corners can be detected which reduce the computational times, though. This
can be observed, for instance, in the difference between learning only one epoche and
additional learning due to replay of the sequence. In the latter, consecutive places
which are spatially but not necessarily temporally close get activated. The result are
shortcut transitions which are detected only due to co-activation of spatially close
places and without sensory information, and thereby improved computational times.
Note that grid cell based spatial look-ahead was suggested previously by Kubie et
al. [200]. The authors used multiple scales of grid cells to steer a simulated agent
towards a goal. The largest scale was used to approximately locate the target location
and drive the robot towards the goal. The target location was then successively
narrowed down using smaller scales. However, the solution proposed by the authors
does not guarantee the consistency and coherency constraints of the final trajectory.
Furthermore, the authors did not explain the origin of the discrete spatial scale
progression. A similar approach has been suggested by Edvardsen [93]. He proposed
a passive mechanism which shifted activity within a network of grid cells of multiple
scales towards a target state. Likewise the model by Kubie et al. [200], coherency of
the sequence is not guaranteed, nor is the scale increment discussed.
It is suggested that additional speed-up can be gained when the impact of
temporal buffering and the temporal integration window is reduced, for instance by a
time-compressed representation of locations. Recall that real biological networks are
commonly assumed to be subject to STDP learning rules [23, 78, 393]. In these rules,
synaptic weights increase when pre-synaptic spikes are in a suitable time-window
before the post-synaptic neuron spikes. Usually, the time-window is small and in
the order of 10 – 100 ms [121, 186]. Consequently, neural states for places which are
far apart have to appear within the temporal integration window of a grid cell to
learn the transition between these places. Thus, a temporally compact representation
of locations is required to allow neurons of very large grid scales to associate with
their corresponding inputs. The necessary temporal compression appears to happen
in real rats during SWP-R [44, 45, 72, 164]. During SWP-R, temporal sequences of
perceived places are replayed both in forward as well as backward order of their
appearance during exploration. Hence it is likely that large scales form on the basis
of SWP-R. The model thus predicts a subtle difference of the neuro-dynamics of grid
cells on different scales. Learning of spatial transition on larger scales is restricted to
a suitable temporal integration window, which needs to be reflected both in terms of
a temporal buffer as well as a slight change of the temporal association mechanism.
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Specifically, the integration time windows of cells on larger scales have to be slightly
increased to allow co-activity learning of multiple places according to the scale.
The effect of multiple scales to computational times is limited by the length
and shape of the trajectory. In the data shown in Figure 7.9, there is no significant
improvement after addition of a sixth scale. Improvement due to multiple scales
re-appears only as soon as very long trajectories are presented to the system. Hence it
is considered likely that there is a match between the number of scales, the explorative
behavior of an animal, and the size of its habitat. However, association of places
to large grid scales is subject to temporal buffering and compression as mentioned
above. Disruption of SWP-R is therefore suggested to reduce the representation of
spatial transitions. Conversely, replay of place sequences is assumed to consolidate
spatial knowledge. This prediction was confirmed during writing of the manuscript
by Roux et al. [302] who showed that SWP-R indeed stabilizes the spatial map of
real rodents.
Temporal and spatial transitions coincide almost exactly on the smallest scale of
the model. This is only true if place cells are considered to form only on the basis
of spatial input, though. Evidence suggests that this is not the case and that other
cues, for instance odors, have a role in the recruitment of novel place cells [97, 395].
Furthermore, multiple place cells may be recruited at the same behaviorally relevant
places to over-represent the location.
The scale-space MTS presented here has a clear distinction between learning and
retrieval. During learning, a logical AND operation was used, whereas in retrieval a
logical or computation is performed. It is expected that the operations are implemented as a hetero-synaptic circuit which can be toggled in some way. Therefore it
is likely that learning or retrieval can be suppressed independently of each other in
studies.
The algorithms presented in Figure 7.7 and Figure 7.8 cannot learn or determine
arbitrary shortcuts. Locations which are not within the temporal buffer or in a
compressed representation cannot be joined using only the described techniques.
This is in agreement with findings during psychological studies, in which rats were
not able to compute shortcuts in such scenarios [132]. Furthermore, there is no
difference between re-play and pre-play of a trajectory in the scale-space MTS. It
is therefore suggested that the pre-play observed by Pfeiffer et al. [282] is due to
the same mechanism as re-play during SWP-R. The authors recorded place cell
activity in awake animals after they explored an environment for food and had to
plan a trajectory to their home location. The authors found that place cells which
corresponded to the subsequently chosen trajectory were more likely to get activated
in order than not.
The scale-space model and its spatial sampling process predict place cell activity
which is not randomly distributed in the absence of non-visual afferents. More
specifically, it is suggested that removal of non-visual cues will lead to peak activity
of place cells which correlates strongly with a hexagonal arrangement. Preliminary
manual clustering of place cell data of real rats suggests that this is indeed the case.
However, further data needs to be evaluated for a conclusive statement.
On basis of the obtained results, the following functional levels of the entorhinalhippocampal loop are proposed and depicted in Figure 7.10. Perceptual systems
provide a sensor space that is suitable for localization, the latter which is computed in
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place cells. It is proposed that discrete scales of grid cell responses, which were already
observed in recordings by Stensola et al. [336], generate a scale-space representation
of spatially modulated descriptors and encode spatial transitions. Similar to vision,
where scale-spaces are used to detect features across scales [214, 216], their purpose
is proposed to define spatial transitions to neighborhoods on larger distances and
to find shortcuts across larger gaps. Thus, they are a means for spatial look-ahead
and, simultaneously, perform spatial pooling of related inputs across scales, and
reduce temporal execution of trajectory computation exponentially. Certainly the
association of place cells with co-active spatial transition cells on multiple scales
requires access to potential future and factual past places. Generally speaking, it
was noted by Lindeberg that any scale-space system requires access to a temporally
buffered data [214]. This in turn suggests a link to Theta phase precession, which is
understood as a temporal buffer mechanism by some authors [188, 246]. In addition,
temporal transitions are stored to record performed actions and potentially associate
transitions with rewards, as suggested by Hirel et al. [146]. The latter will be examined
in a future study. It is suggested that the association to multiple inputs performed
by grid cells is based on a co-activation learning rule. Such a rule was recently used
to induce realignment of grid cells given sensory cues [258], i.e. the re-orientation
of the response of the cells and their preferred orientation with respect to a global
coordinate system.

7.3.1 Temporal buffering, Theta phase precession, and number of scales
The proposed scale-space model requires temporal ordering and buffering of events.
This post-dicts observations that excitatory drive from the Hippocampus is required
for grid cell activity [28]. The reason in the proposed scale-space model is the necessary
synchronization mechanism for grid and place cells to solve the problem of binding
places to larger grid scales. In other words, grid cells of larger scales are predicted to
require access to spatial symbols (place cells) in their pre-spike time window when
learning is performed via STDP.
An observable effect which is considered to be the result of a temporal buffering
mechanism is Theta phase precession [169], depicted in Figure 7.11a. During motion,
not only the place cells which represent the current location of the animal demonstrate
spiking activity, illustrated by the dark blue circle in the figure. In addition, several
place cells corresponding to places before and after the current location show increased
levels of activity, depicted as light blue circles. However, their time of spiking is
relative to Theta, a regular oscillation observable in the hippocampal formation [48].
The temporal order of places during Theta phase precession is preserved. The reported
compression ratio is up to an order of 10 : 1 [328], i.e. within one Theta cycle up
to ten cells spike with a relative temporal shift to Theta. It was already reported
that temporal compression is likely to improve Hebbian learning and thereby plays a
critical role in temporal sequence learning and memory consolidation [242].
It is proposed that repeated iteration of the temporal transition system M can
be related to Theta phase precession. Iterating M will simply yield the temporal
progression of observed locations. Assume a short temporal latency of about 5 to 7
ms until neurons representing spatial symbols and temporal transitions reach their
spiking threshold. One iteration of the Σ-Π-loop of M will thus take about 10 to
14 ms. Given that Theta oscillates at up to 10 Hz [221], it is possible to fit up to 10
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temporal transitions
episodic memory

localization

spatial transitions
spatial pooling

sensor space
Figure 7.10 – Functional levels of goal-directed navigation and localization. Perceptual
systems provide a sensor space (gray arrows) which is able to uniquely identify spatial locations
(black arrow from sensor space to localization). Furthermore, a self-organization process forms
grid cells on the basis of the sensory space (black arrow from sensor space to spatial transitions),
which can be used to learn and encode spatial transitions from one place to its spatial neighbors
(recurrent interaction of localization and spatial transitions across the blue and orange arrows).
Thereby, grid cells perform spatial pooling of all place cells which are active for a certain
configuration of the sensor space. Furthermore, temporal transitions are stored within an episodic
memory which allow to retrieve the actually performed transition (recurrent interaction between
localization and temporal transitions along blue and green arrows). Place cells (localization) also
form on additional, non-visual cues (additional black arrows leading to localization), however
they are currently not considered in the algorithms.
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Figure 7.11 – Loop nesting and Theta phase precession. (a) Illustration of phase precession
during movement. Place cells corresponding to locations before and after (thin black bars) the
current location (thick bar) spike relative to the Theta oscillation (black sine wave). (b) Change
of representation of the sine wave yields a main loop. Several Σ-Π loops (green circles) of M
can be nested within one Theta cycle (black circle). The black bars correspond to activity of
neurons in Σ and the green bars to activity in Π. The location marked with ? indicates the point
of reversal of directions, i.e. neural activity (thin black bars) before this point corresponds to
outbound locations of the current place (thick black bar) and therefore pre-play of immediate
locations, whereas activity (thin black bars) after the ? are in-bound locations and therefore
re-play.

nested Σ-Π-loops into one Theta cycle. By this construction, Theta corresponds to a
main loop which resets the activity of the temporal buffer. The immediately following
question is then if Theta corresponds to sensory data afferents, i.e. delivery of the
current perceptual sensory state with accompanied reset of the network activity
to the actually perceived location. Another question is how the temporal direction
is reversed during the buffering, i.e. the change of direction of active place cells
representing locations either before or after the current position. The loop-nesting is
depicted in Figure 7.11b and the reversal issue is marked with a ”?”. A potentially
suitable candidate to induce reversal of direction is assumed to be rebound spiking
of neurons. Consider a network of neurons in which inverse directions of transitions
inhibit each other. Given sufficient inhibition and vanishing activity in one direction,
the inverse direction may respond by a post-inhibitory rebound spike. Rebound
spiking was reported for principal neurons of the HF [10, 322], and, besides Theta,
already suggested to have an impact on the formation of grid cells [141].
The effect of continuous temporal buffering of past and future places corresponds
to in- and outbound traveling waves of activity in the Hippocampus, already described
in [221]. It can be observed in the retrieval example of the temporal transition model,
depicted in Figure 7.4. Thereby, it is believed that temporal buffering not only allows
formation of grid scales. It is suggested that it also provides a continued prediction
of possible future locations. It is likely that sweeping over potential traces is helpful
for decision processes during goal-directed navigation, e.g. to allow propagation of
reward values by changing synaptic efficacy by STP.
In the presented scale-space model, learning of multiple grid scales depends
on Theta and Theta phase precession. A similar observation was reported for real
grid cells in the rodent [189]. However, the smallest scale does not require Theta
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and can operate independently of both effects. Furthermore, there may exist other
mechanisms besides Theta and Theta phase precession which provide temporally
buffered data to form multiple scales. Nevertheless, the number of place cells active
during one Theta cycle is reported to be limited as mentioned above [328], which is
also reflected in the numbers of loops which can be nested within one Theta main
loop. Without additional mechanisms to access more locations, the number of cells in
the temporal buffer limits the number of scales which can be learned to ≤ 10. Given
that Theta is reported to oscillate in a range from 4 – 10 Hz [221] and the results
depicted in Figure 7.9 which show that large scales lead to only little computational
improvements, it is expected that around 5 to 7 grid scales will be found on average.

7.3.2 On the expected number of neurons per scale
Certainly, a non-artifical neuron is unable to associate with arbitrarily many inputs.
Any neuron has only a finite number of synapses or dendrites available for local
dendritic computation due to limitations of physical size. Given approximate numbers
of the synapses, σeigen can be used to assess the number of neurons required to encode
all expected transitions which appear on a certain scale. Note that the values used
in the calculation in this section are conservative estimates if not stated otherwise,
because absolute data is currently unavailable. Some assumption are backed by
observations but re-interpreted in light of transition coding as soon as they are made.
Recordings suggest that σeigen on the smallest scale is between 10 to 20 cm [336],
hence σeigen = 15 cm is used to compute the following trend on the number of
neurons. Furthermore, grid cells are assumed to be re-used in contextually different
areas. For instance, one room may differ entirely in its geometrical shape from
another, thus one cell could in principle associate with one specific set of inputs
in one room and another set in the other room without violating coherency and
consistency constraints. However it is likely that cells tend to stick to previously
learned association. The latter interpretation can be made on basis of recordings
published by Derdikman et al. [85] who presented research in which grid cells of a rat
that has to move in a hairpin maze tend to fire at the same location in every other
corridor. The similarity of the firing locations is the head direction and the observable
geometrical layout. Nevertheless it is suggested that the representational capabilities
of the grid cell network are limited. For the sake of simplicity and understanding
the trend of required neurons, the following computations are reduced for areas of
the size 10 × 10m2 . In other words, the calculations are based on the assumption
that any area of the given size could be considered contextually different than the
next area of the same size. Certainly this value is fictional, as no data is available,
but suffices for the sake of argument. Furthermore, interactions across scales could
disallow some combinations and thereby generate sufficient context to discriminate
between locations across scales. A combinatorial perspective on grid cell firing as has
been presented previously by Mathis et al. [233]. The authors showed that certain
combinations of states across scales should be considered invalid. In addition to
these considerations, other cues, e.g. distal landmarks, could be used for contextual
disambiguation of different virtual areas.
The number of synapses or dendrites per neuron differs significantly in literature.
Values in the range from hundreds to thousands of synapses per neuron are stated.
A conservative guess of Nsyn = 2500 synapses available for pre-synaptic connections
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Expected number of neurons per scale

120

Neurons

100
80
60
40
20
0

1

2

3

Scale

4

5

6

Figure 7.12 – Expected number of grid cells per scale. The number is computed according
to Equation (7.2) with Nd = 250 and the objective to cover the expected number of transitions
in an area of 10 × 10 m2 .

.
therefore does not seem devious. However, it is assumed that a single synapse is not
sufficient to drive a grid cell. On the contrary, it is suggested that several synapses
stimulated by different spatially modulated pre-synaptic neurons are required for a
single cell to reach its spiking level. The number of necessary synapses used here is 50,
which leads to Nd = Nsyn/50 = 250 dendrites to associate to pre-synaptic states. In the
optimal case, a single grid cell however only associates with 1/3 of the pre-synaptic
input space after self-organization to avoid violation of the coherency constraint.
The theoretically minimal number of neurons required to cover space is 3 as
presented in Chapter 5. However, this only holds if the receptive fields of neurons
either overlap by a small fraction or form Voronoi cells, thereby sampling the entire
input space. In case of non-overlapping receptive fields, this number should be slightly
but not significantly larger, and hence will be ignored in the assessment. Given the
considerations of above, the trend for the total number of neurons required on any
scale s ∈ 1, . . . in two dimensions follows according to
Ns = dmax (

3 xy 2
√ , 3)e ,
Nd rs2 3 3

(7.2)

where rs = 2s−1 σeigen , and d·e is the ceiling function. The first fraction accounts
for covering one third of the input space with the available dendrites, whereas the
remaining two fractions give the densest packing of circles for a rectangular arena of
size x × y. The max operator is used to prevent violation of the coherency constraint.
Figure Figure 7.12 visualizes the trend for the estimated numbers. The trend
follows an exponential decay of the number of neurons required per scale, and levels
at the bare minimum of neurons already on the fourth scale. The proposed scale-space
model is therefore in agreement with data reported by Stensola et al. [336], who
found only few grid cells corresponding to larger scales.
It is expected that other factors, for instance the necessity for redundant representations, particular tunings of grid cells towards certain cues, or the behavioral
necessity to over-represent one or more scales, have an impact on the exact numbers.
However, it is suggested that the general trend of an exponential decay of the number
of neurons for increased scales remains, given sufficiently many recordings.
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7.3.3 Relationship to algorithms and concepts from computer science
Recall the graph theoretical interpretation of temporal and spatial transitions as
well as place cells. In this notation, spatial symbols correspond to vertices in a graph.
Spatial and temporal transitions form edges between vertices. In light of this notion,
the presented algorithms correspond to parallel variants of Dijkstra’s algorithm and
A* [87,137,138]. Both are simple yet powerful and therefore widely-used and adopted
algorithms. Dijkstra’s algorithm computes a minimal cost traversal of a graph, i.e.
it finds the shortest route from a given vertex to a target vertex while considering
costs that are assigned to edges of the graph [87]. In terms of spatial navigation, this
corresponds to navigating from a start to a target location. Edge weights correspond
to cost-of-travel, likely represented in form of reward signals. A* extends Dijkstra’s
algorithm by including heuristics to improve computational times and was developed
for spatial navigation on robots [137, 138]. Multiple scales for transition encoding
end detection could be considered to represent heuristic information.
In computer vision, scale-space representations are often used in combination with
feature descriptors such as Scale-Invariant Feature Transform (SIFT) or SpeededUp Robust Features (SURF) [18, 219, 220]. After searching for points-of-interest in
image representations on several scales, the points are described in terms of the
descriptors which exhibit a compact representation of the point and its surround.
Typically, the feature descriptors allow comparison and are used to find features
across images. The result are algorithms with capability to search and track features
in real-time. It is therefore likely that a similar approach, namely extraction of scalespace representations of sensory data, yields spatial feature descriptors. It is further
believed that such a spatial feature descriptor can be used for spatial navigation in
robotics scenarios.
As mentioned above, the separation of spatial transitions (grid cells) and spatial
symbols (place cells) can be understood as an abstraction layer, for instance the
Bridge, Facade, or Mediator design patterns [119], as follows. Knowledge of spatial
neighborhoods is stored in grid cells instead of direct binding this information to
place cells. Thereby, spatial sequences can be retrieved without reconstruction of the
sensory states that lead to the sequences. Furthermore, the sensory representation
may change over time while the spatial neighborhood information remains. On the
other hand, spatial information can change while grid cell representations can be
re-used. The abstraction thereby provides a powerful mechanism to separate details,
and increases re-usability and fault-tolerance.

7.4 Conclusion and future work
The scale-space model presents an entirely novel interpretation of the entorhinalhippocampal loop. Just as most other models and recordings it is proposed that
place cells store spatial locations [131, 264]. However and in contrast to any existing
model, grid cells are suggested to optimally encode spatial transitions in a scale-space
representation.
The scale-space increment from one scale to the next is ideal at a
√
value 2, which is the result of a look-ahead operation combining multiple transitions.
The look-ahead operation itself is required to improve the computational performance
of the suggested transition model to make it behaviorally relevant.

7.4 Conclusion and future work

At the moment, the proposed scale-space model has no measure of quality assigned
to transitions. Hence it yields only the availability of a trajectory without returning
the most likely or best according to some measure. Nevertheless it demonstrates
feasibility of the approach. Adding a quality assessment to trajectories with the help
of a reinforcement signal is certainly possible. In fact, this was proposed already
by Cuperlier et al. in a biologically plausible model that stores rewards alongside
transitions in a spatial navigation task [73,74,146]. Therefore, future work will include
RL as a selection mechanism of available trajectories.
However, it has to be determined where and how the reward is stored and how it
can be retrieved. Two candidates are likely. The first is persistent modulation of the
synaptic weights due to LTP [250]. This technique was successfully used in the model
by Cuperlier et al. [73, 74, 146], but limits re-usability of place and transition cells.
The second candidate is STP which modulates the synaptic efficacy in an abrupt but
non-lasting manner and was reported to exist in hippocampal neurons [52, 308]. STP
is presumably able to tune the neural response times such that preferred transitions
will spike early. In combination with sufficiently fast inhibitory interneurons such
as discovered by Diba et al. in hippocampal neurons [86], this will likely block any
alternative route or unwanted trajectories after just few iterations. The result should
resemble the activity reported by Pfeiffer et al. [282]. A novel model addressing this
issue by STP as well as Theta phase precession and rebound spiking is currently
in development. Furthermore, this novel model will address the simplifications and
discussed numerical issues. It will prove useful to investigate if the results are in fact
similar to the findings by Pfeiffer et al. [282] or not. Furthermore, it will be essential
in understanding multi-homing tasks in which a simulated agent has to select either
of many target locations according to the reward that it will receive.
A transition model with a trajectory selection mechanism based on reward
modulation will allow to study its behavioral impact. It is believed that the separation
of temporal and spatial transitions as proposed in the scale-space model will lead to
very specific observations. For instance, consider the Morris water maze experiment
in which an animal has to locate a platform which is submerged in an opaque
liquid [249]. It is predicted that an animal will follow the first trajectory to the
target that it found in the absence of a spatial transition system but presence of a
temporal transition system during learning. In contrast, results of experiments in
which a specific temporal order is required to reach a certain goal location will be
impoverished without temporal transition encodings.
To summarize, the scale-scale model allows an interpretation of the entorhinalhippocampal loop in terms of an optimal storage device for transitions. Thus future
work and extensions of the model will focus on re-examination of recordings in light
of this interpretation.
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Chapter 8
Towards massively distributed spatial navigation
In contrast to spatial navigation in the brain, many researchers argue that basic
spatial navigation for robots is a solved issue and future research should focus on
the robustness of the employed techniques [49]. Decades of research brought forward
many successful solutions to Simultaneous Localization and Mapping (SLAM) and
related issues like image perception and understanding. For instance, approaches
rooted in probabilistic techniques such as particle filters, advocated especially by
Sebastian Thrun, were employed to robot localization, self-driving cars, and found
widespread application in several other areas [348–350, 353].
Other technical solutions have stronger resemblance with biological findings
[61, 110, 296, 378]. Here, topological spaces of connected locations are formed instead
of dense maps of the surrounding. A topological map itself is sufficient to help a robot
find its way to target locations [378]. Interestingly, it was suggested that the activity
of the place cell network in the rodent Hippocampus indeed forms a topological
map [75, 76, 149]. This property was previously observed and exploited in [77], where
a robotic model for navigation which forms a topological map of place cells was used.
The theory presented in the previous part of the thesis is clearly in favor of the
topological map assumption. Grid cells are proposed to provide metric information
linking one location to another. Thus, the stored items and transitions within the
entire scale-space transition system form a topological space.
Topological and graph theoretical notations have several benefits. For instance,
there is no necessity to store a dense map of the environment, which typically requires
tremendous amounts of memory for very large environments. In contrast to dense
maps, only important locations and their spatial description, e.g. in form of sensory
readouts such as boundary or geometric information, have to be stored alongside
the transitions from one location to another. This principle was previously used
in robotics scenarios, e.g. by Franz et al. already in 1998 [110], and extended to
multi-robot mapping [153, 154].
Why is multi-robot mapping relevant? Robots need to interact not only with the
environment. In addition, they are required to cooperate with each other and their
human operators. Thus they are required to share information by communication.
However, knowledge about how to distribute data properly in a swarm of cooperating
robots is limited [49]. Spatial navigation, and in this context the representation of
the environment in form of a topological map, was therefore chosen as fundamental
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example for the distribution of data. It is believed that it leads to generalizable data
structures and algorithms.
The focus of the work presented in this chapter was not to develop methods that
run faster than state-of-the-art techniques. Contrarily, the focus was to analyze and
characterize the suitability of algorithms and data structures for global distribution
and local parallelization on large numbers of participating robots, or, in other words,
in a massively distributed setting.
The results presented in this chapter were conceived collaboratively with Edvarts
Berzs, whom I supervised during his Master’s thesis. The results were submitted for
peer review [372], and were partially presented already in his Master’s thesis [22].
Therefore, portions of [372] and [22] are reprinted verbatim with permission. In
particular, definitions and mathematical formulations are reprinted as-is.

8.1 Problem formulation and related work
Most techniques for SLAM focus on navigation and mapping for a single robot.
Albeit there are suggestions for multi-robot mapping, e.g. suggested by Thrun et
al. [351], there is no convergence perceivable towards a single or just a few prominent
techniques in the community. One of the difficulties in multi-robot mapping is the
distribution of the map. Even though multiple robots can cooperatively map an
environment [327,371], there is often the necessity to store a map at a central location
for path planning processes. Recent surveys on the future state of multi-robotics
research therefore point out that, besides many other problems, further investigations
are required to address the issue of a truly distributed map on all participating
agents [127, 307].
Autonomous agents that operate in unmapped environments typically accumulate
significant amounts of data to solve SLAM [90, 329, 352]. When extended to multiple
robots [154,351], the issue also involves finding a suitable method which allows access
to an entire map for all participating agents. One solution is to store the map at a
central location [371]. However this comes at the cost of a single source of failure.
Consequently, approaches are required in which the map can be distributed
across participating hosts [49]. On the one hand, suitable data structures have to be
defined which allow simple distribution and express fault tolerance. On the other
hand, distributed maps are prone to decrease of computational performance with
respect to retrieval times. For localized data, several contributions improved the
runtime and memory complexity of the involved algorithms significantly during the
last decades [1, 16, 94, 152, 170, 171].
To address the issue of distributability, data structures and algorithms were
defined which were inspired by the results presented in the previous chapters and on
findings reported in literature. In particular, data in the form of a graph is distributed
with the help of two multi-layer data structures. Retrieval of shortest distances and
paths are based on Dijkstra’s algorithm, the layers are constructed by a contraction
process in which vertices of the input graph are pruned.
Dijkstra’s algorithm is one the most fundamental algorithms in computer science
[87], and its currently optimal reported runtime of O(E + V log V ) in a graph with
V vertices and E edges is achieved with the help of preprocessing in Fibonacci
heaps. However, Fibonacci heaps were considered unsuitable for distributing data
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which is accumulated over time in the work presented here. Different other methods
were suggested to speed up graph preprocessing. The most successful techniques use
hierarchical representations of the input data and generate heuristic information [150,
184,234,318]. Other sophisticated hierarchical clustering methods to speed up shortest
path computations include, but are not limited to, Hierarchical Encoded Path Views
(HEPV) [155, 156]), Hierarchical Performance Multi-Level Routing (HiTi) [175],
multi-level graphs such as in [17, 234], or recursive trees as in [397]. Typically, the
recursively constructed hierarchical methods use specialized partitionings of the input
graph [38, 82, 83].

8.2 Algorithms and Data Structures
The two data structures, termed Sparse Layered Graph (SLG) and Transition Graph
(TG), will be introduced formally in this section. The notation is inspired by previous
work by Jing et al. [170], Schulz et al. [318], and Delling et al. [83]. Note that | · |
denotes cardinality of a set, subscripts denote layer indexes, and elements of a layer
are denoted by superscripts. For instance, vij ∈ V is the j-th element of V at the i-th
layer.
First, definitions for a single layer are presented in which indexes for layers are
omitted. Then, the definitions are extended to multiple layers. Subsequently, the
algorithms for the construction and retrieval are described.

8.2.1 Definitions for single and multiple layers
The construction of an SLG and TG requires a graph as input which contains nodes
that are associated with coordinates. Edges of the graph are associated with weights,
and correspond, for instance, to time-to-travel [318]. The graph is defined as follows,
using standard graph theoretical notation. Note that the terms vertex and node are
used synonymously.
Definition 6. Let G = (V, E) be an undirected planar graph, where V is the set of
vertices and E the set of edges E = {e(u, v) : there exists an edge between u, v ∈ V }.
Each edge e(u, v) ∈ E is associated with a weight denoted as w(u, v) ≥ 0. Each node
v ∈ V is associated with a coordinate x(v) ∈ R2 , where all coordinates x(v) are
assumed to be uniformly distributed in the coordinate space R2 .
An SLG consists of several clusters cj which group the input data. Thus, each
vertex of the graph will be assigned to a cluster cj based on its coordinate. However,
clusteres are in principle not required to form a partitioning of the input space.
Definition 7. Let G = (V, E) be a graph. The covering C of G is the collection of
subsets
C = {cj ⊆ V : j ∈ J} ,
such that
V =

[

cj ,

j∈J

where J = {1, 2, . . . , N } is an index set and N = |C|. Each subset cj is accompanied
by a coordinate ζ j = ζ(cj ) ∈ R2 , called cell center.
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Figure 8.1 – Graph, cells, and border nodes. An input graph (left hand side, small circles
and black lines) is covered by a set of cluster cells (orange hexagons). All border nodes from
these cells are extracted for further use in the Transition Graph (TG) (right hand side, filled small
circles). (Figures reprinted with permission from [22, 372])

Note that cj ∩ ck = ∅, ∀cj , ck ∈ C is not guaranteed and that the terms cluster
and cell are used exchangeably. In the work presented here, the cluster centers are
distributed hexagonally and clusters form a partition of the space. However, irregular
distribution of cluster centers and coverings are feasible with the described methods.
The second data structure, TG, contains all nodes v ∈ B that have edges which
cross cell borders. The set of border nodes B is defined formally as follows and
illustrated in Figure 8.1.
Definition 8. The border node set B = {v b : v b ∈ V } ⊆ V is the set of nodes ub , v b
for which
∃j, k ∈ J, j 6= k, ∃e(ub , v b ) ∈ E : (ub ∈ cj ) ∧ (v b ∈ ck )
holds. B c = {v b : v b ∈ c} is the border node set of cell c. The set of all edges between
pairs of border nodes is defined as
F = {e(u, v) : u, v ∈ B ∧ e(u, v) ∈ E} .
The TG can be used to accelerate computations of larger trajectories. After
computation of any all-pairs-shortest path within each cell of a TG and locally
buffering the information, long distance routes can be computed approximately by
TG.
Each of the above definitions can be extended to multiple layers. Given a number
of layers L with strict total order I = (0, . . . , i, . . . , L − 1) then Gi = (Vi , Ei ) denotes
graph Gi of the i-th layer with vertex set Vi and edge set Ei . Furthermore, the SLG
and TG of layer i are said to contain node and edge sets (ViS , EiS ) and (ViT , EiT ),
respectively. Note that intermediate indexes are dropped if they are clear from
context, e.g. B cj := B j .
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Figure 8.2 – Edge contraction during the construction of a Sparse Layered Graph (SLG).
The contraction process removes nodes with minimum degree within each cell and inserts new
edges between the remaining nodes (indicated in green) where necessary. As a consequence the
number of nodes in the layer is reduced, whereas the number of edges may increase depending
on the structure of the input graph G. (Figure reprinted with permission from [372]).

8.2.2 Construction algorithms for the data structures
The entire SLG S consists of L consecutively numbered layers, i.e. (0, . . . , L − 1). In
turn, each layer Si consists of a covering Ci . Formally, this is defined as follows.
Definition 9. An SLG S is the union of all of its layers, i.e.
S=

[
i∈I

Si ,

Si =

[

Sji ,

j∈J

where Si represents the SLG of layer i, which itself is a cover of all subgraphs induced
j
by the covering Ci . Consequently, Sji := Sci is the subgraph induced by cell cji .
According to Definition 7, S0 consists of a covering of the original graph G. Each
consecutive layer j = 1, . . . , L − 1 is formed by pruning the nodes of the previous layer
during a node contraction process. All remaining nodes are re-assigned to clusters
on layer j. During node contraction, nodes with a modifiable minimal degree are
removed. Novel edges are introduced for all dangling nodes, i.e. all vertices which
had an edge to the removed node on layer j − 1 are now directly connected on
layer j. Note that the contraction of nodes within a single cell can be performed
independently of and thereby in parallel to other cells of the current layer. Newly
introduced edges are tagged as contraction edges. By construction, each consecutive
layer will have at most as many nodes as the lower layers, and in most cases strictly
less nodes than previous layers. However, the number of edges may increase in the
worst case. Contraction in one cell is visualization in Figure 8.2. An example of an
SLG with three layers and its construction is depicted in Figure 8.3. Pseudocode for
the algorithm is provided in Algorithm 1 in Appendix D.
Once layer Si is generated, the corresponding TG Ti can be constructed by
S
extracting the set of border nodes on the respective layer. Formally, T = i∈I Ti ,
S
where each Ti consists of the TGs of all cells cji , i.e. Ti = j∈J Tji . Afterwards,
all-pair-shortest paths are computed for all border nodes in each cell of TG Ti .
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Figure 8.3 – Construction of a Sparse Layered Graph (SLG) with multiple layers. The
SLG S consists of several layers Si (three layers shown here), each layer inducing its own subgraph.
Additionally, each layer Si consists of cells cji with their own subgraph Sji . The first (bottom)
layer is formed by covering the input Graph G with a predefined number of cells (gray hexagons,
bottom row). Every following layer is constructed by pruning the set of nodes by a contraction
process. Every next layer (top row) receives the remaining nodes and edges as input and operates
on cells with a fixed size increment (blue hexagons). (Figure reprinted with permission from [372]).
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Figure 8.4 – Construction of a Transigion Graph (TG). The TG for the graph presented in
Figure 8.1 (left hand side) is constructed by extracting all border nodes of each cell, and adding
the all-pair shortest path information within each cell (red lines on right hand side) if necessary.
(Figure reprinted with permission from [22, 372]).

While the construction of SLG allows parallelizing node construction across cells,
the formation of TG can only be parallelized in terms of layers. The algorithm is
illustrated in Figure 8.4.
The construction algorithms were analyzed with respect to their run-time complexity. With a suitable data structure to store and access elements of the graphs,
such as a hash table, the upper bound on a single layer of an SLG is O(E 2 ) and
without such a data structure O(E 3 ) in the worst case. In an expected average case,
the bound drops to O(V · log V + V ). Considering multiple layers, the bounds are
governed by the number of edges and reside in O(E 2 ) as long as the number of layers
L  E. Analysis
of the construction
of T G in multiple layers yields a worst case of

PL−1  S
ViS
S
O( i=0 Bi Ei + Vi log Ci ) and an expected average case of O(L · (E + V log V )).
Here, Ci is the number of cells of the layer and E and V are maximal numbers of
vertices and edges in the entire graph. For details of the derivation, see Appendix E.

8.2.3 Algorithms for retrieval
Retrieval of shortest distances and routes are based on Dijkstra’s algorithm [87].
Computing the shortest distance from a source node s to target node t can be
performed mostly in TG T. First the lowest level in SLG S in which both the
source s and target t are present, i.e. not contracted, is determined. Afterwards
the corresponding cells of S in which s and t reside are merged with T on the
respective layer. Finally, the shortest distance can be computed on the merged graph.
Obviously, searching in layer k is unlikely to be optimal in all cases. For instance, if
both nodes are contracted on the lowest layer, all operations will take place on this
layer. Optimization of such cases and finding a technique to efficiently propagate
retrieval to the highest layer is left for a future study, though.
Retrieval of a shortest path requires an additional step when compared to extracting the shortest distance. The shortest distance query already yields a consecutive
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Figure 8.5 – Example for a shortest path query in SLG and TG. The goal of the operation
is to determine the shortest path, indicated by the dashed blue line between the two blue nodes
in the topmost row. First, the highest level on which both vertices are not contracted is identified
and their respective cells (top row, orange) of the SLG are combined with the TG to find the
shortest path using only intermediate TG cells (in black). Then, all-pair shortest path edges (red
edge in top row) of the shortest path in the TG are resolved to their respective edges in SLG
cells (middle row). Finally, each contracted edge (green edges on shortest path) is resolved using
lower level representations (bottom row). This process is invoked recursively and in parallel until
all remaining contracted edges are resolved. (Figure reprinted from [372]).

path which necessarily contains only vertices on the shortest path. However, it may
contain several contraction edges as well as edges which were introduced during
the all-pair-shortest-path construction of the TG. All such edges can be resolved
by querying cells of lower layers in parallel. The shortest path query is depicted
in Figure 8.5 and Pseudocode for the algorithms is provided in Algorithm 3 and
Algorithm 4 (see Appendix D). The figure shows that, as soon as a contracted or
an all-pairs-shortest edge is detected, the retrieval is propagated downwards in the
hierarchy until the entire path is resolved on the smallest layer. Complexity analysis of
the retrieval of a shortest path revealed a worst-case run-time of O(EkS + VkS log VkS )
(see Appendix E for details).

8.3 Discussion and future work
The introduced algorithms allow distribution of graphs, and computation of shortest
paths on the distributed graph. The complexity analysis revieled that the approach
to construct the data structures is suitable for real-world scenarios. However, the
time complexity of the query operations is far from ideal and will require further
investigations. Simulations perform by Edvarts Berzs showed the feasibility of the
construction methods [22]. Furthermore, the theoretical finding that the algorithms
for retrieval have to be improved significantly was also supported by simulations.
Recall however, that the focus of the algorithms was not an improvement on the
run-time, but on a distribution technique of the data structure to multiple hosts.
So far, the algorithms were only analyzed in the case of sequential execution.

8.3 Discussion and future work

Nevertheless, the distribution of data according to the proposed data structures shares
similarities with existing peer-to-peer network technologies. In these technologies, one
of the main issues is addressing remote content. It is often solved by distributed hash
tables, e.g. [396], which is related to clustering data in multiple layers as performed
in the proposed technique. Furthermore, resolving contracted edges to edges of the
original graph corresponds to routing packages in networks to a target host. Thus,
it is believed that the data structures can be used as an overlay on existing fully
decentralized network topologies.
Given the presented results, future work has to focus on improved algorithms for
the query operations. Additionally, the construction of the TG will be revised as it
cannot be performed in parallel for each cell at the moment. A distributed variant of
the proposed data structures is currently in development.
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Chapter 9
Concluding remarks and potential directions
The thesis introduced several novel concepts and perspectives. The bundling trick
of MTT was developed to analyze the optimization problem of finding an ideal
representation of transitions with a minimal number of bundles. As a consequence,
the optimal placement of transition encoders in two dimensional space was found to
be a hexagonal arrangement.
Given the assumption of distributed and independent dendritic computations, it
was further possible to derive the error function of a grid cell. It was demonstrated
that such a cell converges to a hexagonal arrangement of its response fields with
only simple terms in the error function. Furthermore, the error function allowed to
derive a competitive network of grid cells. The main reason for a purely inhibitory
network were the mandatory constraints given by MTT and MTS, namely axioms to
generate coherent and consistent trajectories, showing that neural computations can
be derived from their algorithmic understanding and their computational purpose.
After demonstrating that a network of competitive grid cells cover the input space
during simulations, their algorithmic interactions with place cells were examined. The
computational point of view lead to the observation that the network in only a single
scale has a behavioral issue, namely the runtime of the path planning operation.
Introduction of a scale-space representation of transitions, encoded by multi-scale
grid cells, lead to an exponential speed-up of the computation and thereby solved
the problem. The model exposes several requirements and consequences which can
be related to biological
observations sucvh as buffering, an ideal increment of scales
√
at a factor of 2, or a distinction between temporal and spatial transitions to name
just a few. Temporal buffering of information, for instance, is necessary to learn
transitions in the scale-space representation, which itself is assumed to be expressed
in form of Theta phase precession. Ultimately, the model lead to the description of a
novel perspective of the entorhinal-hippocampal loop and the recurrent interactions
of spatially modulated afferents, place, and grid cells as a storage device for spatiotemporal transitions which can perform look-ahead to accelerate computations.
Finally, the concepts of local clustering and transitions were applied to a technical
system. The proposed novel data structures for the computation of navigational
trajectories in a swarm of robots resemble concepts of peer-to-peer networks, well
established and widespread applied in computer science.
Given these results, several directions of future research are possible which are
briefly outlined as follows. The biologically plausible model of competitive grid cells
could be refined using spiking behavior and elaborate neural models. The thereby
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modified model could lead to novel insights about the required temporal dynamics
during plasticity, and the self-organization of receptive fields during learning of
transitions. In addition, detailed modelling could lead to predictions with respect to
local synaptic circuits. Another possible direction is to investigate self-organizing
principles in the scale-space model. Currently, the model has pre-defined scale
increments after they were derived mathematically. A self-tuning process to organize
the scales appears to be more likely though. One domain that could provide hints on
how to describe such a model is information theory, which has been used recently
to proof that modularization and the concept of minimum description length yields
optimal solutions in the quest for efficient neural codes [240]. It is proposed that
a similar approach and understanding rooted in concepts of information theory
and optimal coding theory could lead to a descriptive self-organizing scale-space
model of grid cells. Furthermore, the currently existing abstractions and numerical
simplifications that were introduced could be removed. In addition, the presented
scale-space model used spatial coordinates to generate the pre-synaptic activity of
both place and grid cells to avoid modelling of pre-synaptic sensory states. Work
is already in progress to model the sensory input space to place and grid cells
explicitely in form of boundary vector inputs both for the purpose of biological
plausibility as well as for a robotics scenario. Finally, the technical application of
the concepts should be extended and re-examined. The available results for the
massively distributed robotic scenario of path planning are not overwhelming yet.
However, future research could focus on including the most recent developments of
high performance distributed computing and peer-to-peer systems to address the
existing performance bottlenecks during query operations. Consequently, the data
structures should be adapted in an appropriate way.
Entirely novel directions of research and applications of MTT to new domains are
equally possible. For instance consider grasping with a robotic arm which requires the
movement of an arm segment along a specific trajectory. MTT and a spatio-temporal
MTS in particular allow to phrase the problem in terms of local neighborhood
relationships of joint-states of the robotic arm. Using MTS to encode the states
and intermediate transitions has the benefit of removing a global coordinate system,
which is commonly used in this task. A scale-space representation is thought to allow
the robot to find shortcuts in the arm movements by itself. It is further believed that
the MTS can easily represent and relate noisy sensor measurements, which typically
occur in real-world robotics scenarios.
The novel theory itself as well as the formalisms to describe MTS were deliberately
kept as abstract as possible. It is proposed that the technique is capable to account
for other neurons in the mammalian brain which have to encode transitions, not only
grid cells. Grasping an object, or the production of vocal sequences, are just two of
many examples in which sequences and transitions between intermediate symbols
are relevant.
To conclude, this thesis introduced MTT and applied it to the problem of spatial
navigation in the rodent brain. In turn, this lead to the development of an entirely
novel model for competitive grid cells which encode transitions in form of a scalespace representation. It was possible to relate recordings and observations from real
rodents to consequences of algorithmic interactions within the model and optimality
considerations. Finally, the thesis transfered the novel concepts to technical systems.
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Appendix A
Partial derivatives of the error function of
the single grid cell model
The partial derivative of L(w) with respect to wk is
∂
2
L(w) = − (1 − wk ) .
∂wk
N
1
N,

When omitting the normalization constant
by

(A.1)

the partial derivative of E(w) is given
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where the last line is due to the symmetry, i.e. Aki = Aik , and because
E − (w) follows accordingly.
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Appendix B
Calculation of gridness score, grid orientation, and orientation error
The gridness scores were computed using the common procedure described by
Sargolini et al. [313]. In contrast to Sargolini et al. [313], the auto-correlation was
not computed on a smoothed rate-map of the neurons output but directly on the
dendritic weight maps Wi for cell i as discussed in Chapter 6 though. The Pearson
correlation R is defined as the two dimensional auto-correlation according to
R=

h
i
1
2
E
(W
−
µ
)
,
i
W,i
N s2W,i

(B.1)

and was evaluated for the two dimensional weight map Wi with. Here, E [·] denotes
the expectation, N the number of entries in the (square) weight map, µW,i is the
mean value of Wi and sW,i its standard deviation. In case of a grid cell with hexagonal
firing fields, the hexagonal pattern will emerge in the autocorrelogram.
Subsequently, a ring in which the six peaks were expected was extracted from the
auto-correlogram. The radius and width of the ring were determined by receptive
field size parameter σ1 of the grid cell model. The inner ring and therefore central
peak, which was not included in further analysis, was of size 2Ndendrites σ1 and the
outer ring which limits the extraction area was of size 4Ndendrites σ1 .
The ring of extracted auto-correlated weights was afterwards correlated with
rotated versions of itself. The correlation values cd were computed for angles d in the
range from 0◦ to 180◦ in steps of 1◦ . The gridness score gscore was finally computed
as the difference between the lowest correlation value for a rotation of 60◦ or 180◦
and the maximal correlation value for the rotations of 30◦ , 90◦ , or 150◦] , i.e.
gscore = min(c60◦ , c120◦ ) − max(c30◦ , c90◦ , c150◦ ) .

(B.2)

The grid orientation oi of a cell i was computed by selecting the angle between
the horizonal axis with origin in the center of the auto-correlogram and the closest
maxima of the auto-correlogram in the counter-clockwise orientation, similar to the
procedure described by Hafting et al. [135] or Sargolini et al. [313]. The resulting
angle is thereby in the range [0, 60]◦ . The average orientation error eavg between N
cells was computed as
erel =

1 XX
|oi − oj | .
N i i6=j

(B.3)
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Figure B.1 – Example for the extraction of gridness and orientation. In a first step, the
weight map (left) of a cell is taken and the spatial auto-correlation computed (middle). Afterwards,
a ring with the expected hexagonal peaks is extracted (right). The ring is correlated with rotated
versions of itself to extract the gridness according to Equation (B.2). Furthermore, the orientation
of the cell is computed with respect to the horizontal axis.

The entire procedure is depicted in Figure B.1. It shows a weight map for a cell
on the left. In the middle, the auto-correlogram is depicted with the area which is
extracted. The extracted ring, shown on the right, is correlated with rotated versions
of itself to compute the gridness. Furthermore, the orientation of the cell is computed
based on the first peak above zero in counter-clockwise direction as visualized.

Appendix C
Preliminary results in favor of the dense
sampling assumption
It is certainly arguable if there is a sensory representation which allows optimal
hexagonal packing of grid fields. To examine this issue, a simulation was set up
in which an artificial neuron samples from the boundary vector space. Note that
the model and data reported in this section are only preliminary and will require
thorough analysis in a future study.
Taking inspiration from the results of Chapter 6, in particular Section 6.1 and
Section 6.2, each receptive field of the artificial neuron was modelled in form of
a particle pi with repulsive and attractive fields. Thereby the particles expose
dynamics similar to on-center/off-surround receptive fields as suggested in Section 6.1.
Furthermore, the entire aggregate of particles can be understood as a dendritic tree
computation performed within a single neuron such as presented in Section 6.2.
The input to the neuron is a normalized boundary vector of dimension Nbv .
For instance, Nbv = 10 means that the agent has access to 10 boundary distance
estimates encoded in a vector of dimension 10. Subsequently, the vector is normalized
such that its total length is 1.
The level of activation ai of particle pi depends on the distance between its
receptive vector ci and the boundary vector vx at location x ∈ R2 , i.e.
v
u
uN
bv
uX
ai = 1 − t (ci,j − vx,j )2 ,

(C.1)

j

where subscript j indicates the j-th entry in a vector. The winning particle is then
simply the one which maximizes ai , i.e. aw = maxi (ai ) and w = arg maxi (ai ).
Additionally, all particles above a certain threshold athresh are collected, i.e. Pwin =
{i|ai ≥ athresh }.
If the activation aw < athresh , then a novel particle is introduced and assigned
to vx . On the other hand, if aw ≥ athresh , then cw is updated according to cw ←
cw + α(vx − cw ) with the plasticity factor or learning rate α. All other particles
i ∈ Pwin , i 6= w are pushed away from vx according to ci ← ci + β(ci − vx ).
In all simulations, the experimental enviroment was a rectangular box with walls
of length 1.0 m. The input statistics of the virtual agent, i.e. the distribution of
velocities and turning directions, was kept close to data from real rats. The activation
of any particle was tracked over time with respect to its two dimensional coordinate.
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Table C.1 – Parameters for sampling boundary vectors. The sampling process uses particles
with attractive and repulsive fields.

Figure C.1a
Figure C.1b

(a)

Nbv

athresh

α

β

8
8

0.200
0.200

0.001
0.002

0.001
0.010

(b)

(c)

Figure C.1 – Preliminary results of sampling from the boundary vector space in an arena
of size 1 × 1m2 . Each circle denotes the center of the area in which a particle pi is active due to
its assigned boundary vector ci . The distribution of sampling centers is not perfectly hexagonal
yet. (a) and (b) differ in the size of the receptive fields and thus the strength of attraction and
repulsion. (c) is a result of the particle sampling process applied to two dimensional coordinates.

The results suggest that sampling from the boundary vector space is one likely
element to generate hexagonal grid cell fields. Examples for the parameters listed
in Table C.1 are depicted in Figure C.1a and b. The results are not yet perfectly
hexagonal everywhere, however this may be due to unsuitable parameters or because
the model is too simple at the moment. Another reason could be the learning
parameters α and β which are kept constant throughout the simulation.
In simulations with smaller receptive fields and therefore more particles (or a
smaller grid cell period), hexagonality is predominantly preserved within quadrants
of the whole area and fractures in between (see Figure C.1b for an example). Further
visual inspection of the data indicates that effects which were observed in real grid
cells may be present, namely a slight angular rotation with respect to boundaries as
well as skewing and shearing [198, 337]. The effects were attributed to increase the
asymmetry within the grid representation, however it is unclear what the purpose of
the assymetry would be. They could however also be the result of a dynamic process
densely packing transitions in the sensor space which in turn leads to hexagons in
the typically used symmetric experimental environments. To test this assumption,
the same particles as described above were used to sample from two dimensional
coordinates instead of the boundary vector space. The regularity of coordinates and
independence of a sensory state should generate perfect hexagons in the whole arena.
Due to the receptive field dynamics, the process should also yield a close to optimal
filling of the area with receptive field centers. The results, visualized in Figure C.1c,
indicate that this could indeed be the origin of the orientation offset.
The important next step is to investigate the dynamics required to generate proper
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hexagonal fields and to analyse the already available data in depth. Furthermore, it
is necessary to determine the real driving inputs to the grid cell system. A complex
model of the implied dendritic computation of a grid cell with feed-forward input
from boundary cells is currently under development and will presumably lead to
novel insights. As was discussed already in Section 6.3, the boundary vector space in
combination with learning that also depends on as peed signal, such as expressed by
speed cells [195], likely stabilizes the formation of the fields. Finally, the simulations
will be extended to non-regular environments.

Appendix D
Algorithms for Sparse Layered Graphs and
Transition Graphs
The algorithms in this section are reprinted with permission from [22, 372].
Algorithm 1 Generation of the Sparse Layered Graph
Initialize: i = 1, S0 = G
. clustering on layer 0
for all v ∈ V0S do
Assign each v to closest cell cj
end for
while i ≤ L − 1 do
. construction of layers i > 0
Si = Si−1
. clustering on layer i
for all v ∈ ViS do
Assign each v to closest cell cj
end for
for all cj , j ∈ J do
. node contraction in each cell
for all contractable nodes v with deg(v) ≥ 2 do
for all neighbor pairs (u, w) of v do
dcontracted ← d(u, v) + d(v, w)
if (u, w) ∈ EiS ∧ dcontracted < d(u, w) then
d(u, w) ← dcontracted
flag edge (u, w) as contracted
else if (u, w) ∈
/ EiS then
add new edge (u, w) to Si
d(u, w) ← dcontracted
flag edge (u, w) as contracted
end if
remove v from Si
mark all neighbors of v as non-contractable
end for
end for
end for
i←i+1
end while
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Algorithm 2 Generation of the Transition Graph
for all i ∈ I do
Initialize: Ti ← (Bi , Fi )
for all cells cj , j ∈ J do
Initialize: Tji ← (∅, ∅)
for all u, v ∈ Bij do
w(u, v) ← min d(u, w) in Sji
Tji = Tji ∪ e(u, v)
flag edge e(u, v) as an APSP-edge
end for
Ti = Ti ∪ Tji
end for
end for

. see Definition 8
. all-pair shortest-path

. insert (new) edge

Algorithm 3 Shortest distance query: getDist
Input source and target nodes s, t ∈ V
Output dist - length of shortest path between s and t
k ← lowest common level of s and t
[cs , ct ] ← cells on level k which include s and t
. merge sub-graphs
Q = Tk ∪ Sk cs ∪ Sk ct
P ← shortest path in Q
. for instance with Dijkstra return |P |

Algorithm 4 Shortest path query: getPath
Input source and target nodes s, t ∈ V
Output P 0 - shortest path between s and t
k ← lowest common level of s and t
[cs , ct ] ← cells on level k which include s and t
Q = Tk ∪ Sk cs ∪ Sk ct
PQ ← shortest path in Q
P k ← PQ with expanded APSP edges
P 0 ← P k with recursively expanded edges
return P 0

. merge sub-graphs
. for instance with Dijkstra
. 1. phase
. 2. phase

Appendix E
On the complexity of algorithms for SLGs
and TGs
The following derivations are reprinted with permission from [22, 372].

E.1 Construction algorithms
Two tables are required in a naive implementation of the construction of SLG, one
which contains edge and the other for node information. After sorting each of the
tables, binary search yields logarithmic access times for arbitrary elements. The
pre-processing time complexity is thus given by
O(E log E + V log V ) .

(E.1)

In non-degenerate cases of the input graph, the number of vertices is assumed to
be lower than the number of edges. For instance, many real-world graphs can be
considered scale free, i.e. a single node of a graph is typically connected to only few
neighbors. Thus, Equation E.1 can be simplified to
O(E log E + V log V ) ⊆ O(2 · (E log E))
⊆ O(E log E) .

(E.2)

Assuming a scale-free network allows to implement the algorithm with plain
arrays to store nodes, and adjacency lists for edge information. Sorting such an
array requires O(V log V ) time, whereas any adjacency list can be sorted in at
most O(degm (V ) log(degm (V )) time. Here degm (V ) := max{deg(V }. An amortized
run-time complexity to sort the data can be stated based on the assumption that
1 ≤ deg(v)  V in most real-world graphs, i.e.
O(V log V + V · degm (V ) · log(degm (V )))
amortized

⊆

(E.3)
O(V log V + V log V ) ⊆ O(2 · V log V )

Further, the assumption allows to assess the amortized retrieval time as
O(1 + log V ) ⊆ O(log V )

(E.4)

for adjacency information for any node.
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To construct the next layer, node contraction is performed. Consider a single node
v ∈ V , and any pair of neighbors u, w ∈ V of v. Contraction requires the removal of
any edge from u and w to v which requires at most O(deg(v)) operations. Combined
with E.4 this yields
O(log V + deg(v)) ⊆ O(log V + E)

(E.5)

in the worst case to contract a single node v. In the case of a scale-free network, i.e.
1 ≤ deg(V )  V ≤ E, the run-time is bounded from below by
O(log V + deg(v))

amortized

⊇

O(log V + 1) .

(E.6)

To assess the worst case, two scenarios have to be considered. First assume that
u, w ∈ V are the only neighbors of v. Then, the lower bound of the time complexity is
governed by Equation E.5. As all neighbors u, w of v are marked as non-contractable
during contraction, this operation is performed at most V2 times. This yields the
overall lower bound to contract all nodes v ∈ V and within a single cell of
O(

V ≤E
V
E) ⊆ O(V · E) ⊆ O(E 2 ) .
2

(E.7)

For the amortized case motivated in Equation E.6 the bound is given by
O(V · (log V + 1))

amortized

⊆

O(V · log V + V ) .

(E.8)

Now consider the case in which v is connected to all other nodes u, w ∈ V , but
@e(u, w) ∈ E for any u, w. Thus, the graph has a star topology and deg(v) = E.
Then, contraction of v requires to introduce E(E−1)
novel and removal of E old edges.
2
Consequently, the upper bound estimate is governed by a cubic term, i.e.
O(E + E

E(E − 1)
) ⊆ O(E 3 ) .
2

(E.9)

A suitable data structure, e.g. a hash table, can improve the estimate to
O(E +

E(E − 1)
) ⊆ O(E 2 ) .
2

(E.10)

As any other node u ∈ V is subsequently marked as non-contractable, this also states
a tight upper bound for the amortized case.
The analysis is now extended to multiple scales by considering the naive worst
case run-time complexity Ω and the amortized worst-case complexity Ωamortized .
Equations E.7 and E.10 show that the latter is approached approached by O(E 2 )
both from bottom and top. Hence the focus can be restricted to the additional steps
required to introduce a novel layer.
Sequentially sorting all existing cells is requires O(Ni log Ni ) time for Ni cells on
layer i, and assigning any v ∈ Vi to the closest cluster can be achieved in O(Vi log Ni )
time with the help of a suitable data structure, e.g. a kd-tree. It is also assumed that
L is a small number, i.e. Ni  Vi by which Ni  Ei , and that Ni ≤ Ni+1 holds. In
the following, E := maxi Ei and V := maxi Vi will be used. The worst-case run-time

E.1 Construction algorithms

complexity is thus the combination of sorting the cells on the lowest layer on which
no contraction is performed, and subsequently contracting nodes on all subsequent
layers. Hence it is given by
Ω = O(N0 log N0 + V0 log N0 +
L−1
X



Ni log Ni + Vi log Ni + Ni · Ei2 )

(E.11)

i=1

⊆ O(L · E 2 ) ⊆ O(E 2 ) .
The run-time complexity is thus governed by the maximal number of edges E in S,
as Ni and L become negligible for a large E. The analysis for the amortized case
yields a run-time complexity of
O(V log V + E) ⊆ Ωamortized ⊆ O(E 2 ) .

(E.12)

The analysis of the construction of TG T follows likewise. First, the analysis
will be stated for an arbitrary cell c on layer i, for which the node and edge sets are
denoted as Vic and Eic , respectively.
Using a lookup table, Sci can be extracted in O(1) time. Similarly, the identification
of any border node requires O(1) time. Dijkstra’s algorithm is used to compute the
all-pair-shortest path, thus
Bic (Eic + Vic log Vic )

(E.13)

is the time complexity for the construction of c.
Using the assumption of a scale-free network as above leads to the approximate
values
VS
ES
Vic ≈ i ,
Eic ≈ i ,
Bic ≤ Bi
(E.14)
Ci
Ci
for any cell c. The overall run-time complexity of the construction of T follows
accordingly as
L−1
X

O(

Ci B i

 ES
i

Ci

i=0
L−1
X

= O(



Bi EiS

+

ViS
V S
log i )
Ci
Ci

+

ViS log

i=0

ViS 
)
Ci

(E.15)

For the amortized case in which Bi  Vi , this reduces to
L−1
X

O(
⊆

i=0
L−1
X

O(

EiS + ViS log

ViS
)
Ci

EiS + ViS log ViS )

i=0

⊆

O(L · (E + V log V )) ,

where E := max EiS and V := max ViS

(E.16)
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E.2 Retrieval algorithms
In the worst case for shortest distance queries, the nodes are contracted already on
the smallest scale. Then query will be performed on the entire graph. However, in all
other cases the computation of the shortest path using Dijkstra’s algorithm on a TG
is at least as fast a applying the algorithm to the SLG. This is due to the construction
of the TG which ideally sparsifies SLG. This depends on the implementation of the
union operator, though. The operator is required to merge cells of the SLG and TG
as mentioned in the description of the algorithm.
Retrieval of a shortest path requires the expansion of contracted as well as allpair-shortest-path edges. Denote the aforementioned union of cells of the SLG S with
the TG T by the temporary graph Q, and the shortest path in Q as PQ . Expanding
any all-pair-shortest-path on layer k yields the shortest path PSk in Sk . Furthermore,
PQ crosses ζ Q many cells in Q, with 0 ≤ ζ Q ≤ Ck − 1 and Ck the number of cells
on layer k. Then, the run-time complexity of shortest path retrieval is given by
O(ζ Q

 ES

Simulations suggest that that ζ Q ≈
to follow according to
O(EkS + VkS log

k

Ck

+

Ck
2 .

VkS
VS
log k ) .
Ck
Ck

(E.17)

In this case, Equation E.17 can be assumed

VkS
) ⊆ O(EkS + VkS log VkS ) .
Ck

(E.18)

Recursively expanding all remaining contracted edges requires at most 2k−1 · (PSk − 1)
computations in lower-level cells.
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